IS

~
LFzmradient; F,isa cuﬂ l Up=1(22+92+ 2%} | would do (F; = VUs).

aA 8A; Y _ ro4a 8A;y _n 84 A, __ .2 — —
For Ay, we wans E‘—T;)—(W;‘“E‘)—Os T T e =T Ay > A =

— JAr= 322§ | (Fy =WKXA;). (But these are not unique.)

. g
(b) V.Fg = %(yz) + -(%(a:z) + g;(my <0; VxFz;= a%'

¥z =zz

& Fow

fact, does the job. For the-fector potentia we _have

o4 _ "%Aa =7z, which suggests
od, o7

8A, _
5e ~ By =Y, 50

. S

A = 3002+ [T Ay = ~Ly2? + g(z,y)
o 5 =z, suggesting A = ;}zza: + hiz,y); A3 -—41:»::1:2 + iy, 2)
Ay:'%xzy'Fk(y!z); Az:_,‘"z'{"l(z!y)

Pyiting this all together: | A3 = 1 {2 (22 —y?) 2 +y(2? - )y +z(y? - z?) 2} | (again, not

sigue).
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: = 0 would do it.

=X(z-2)+¥(y-y)+2(z-2) =0

So Fs can be written as the gradient of a_scls 3 = VUz) and as the curl of a vector (Fa=VxAj). In

Problem1.50 -

(d}) = (a): VXP=VX(-VU)=0 (Eq.1.44 - curl of gradient is always zere)
(8 = (c): §F-dl= [V -da =0 (Eq. 1.57-Stokes’ theorem

()= ) [ F-dl—[° F.-di= Redlt [ Fa=FF dl=0, s0

: same as (c) = (b), only in reverse; (c) = (a): same as (a)= (c).

Problein 1.51
(d) = (a): VRS V(VXW)=0 (Eq 1.46-—divergence of cur! is always
(@) = (c): §F-da= dr = 0 (Eq. 1.56-—divergence theorenry

A{c) = (b): fIF-da—f”F-da s 1. . w

F-da= - da.
I I

ange because for § F - da, da is outward, whereas for surface Ibds inward.)
¢): same as (c} = (b), in reverse; (c)=> (a): same as (a)= (c) .

roblem 1.52 '
In Prob. 1.15 we found that V-v, = 0; in Prob. 1.18 we found that Vxv,=0. So

a) To find &

(1)

>3
b4

=y = t=yl2 4+ f(y,z)

~ 8

= (2zy + 2?)

SRS

= 2y=z

Qf
N

T~

‘| ve can be written as the gradient of a scalar; v, can be written as the cur] of a vecto?.' _



ar

From (1) & (3) we get 3

(b) Tofind W: 2% By g2, oo
Pick W, = 0; then
ow,
8z
aw, _
dx
9 _ 8
%1 Bz J+z_§£-—$2=>§£—
W = —z%2y - §z°2%2.
x ¥ z
Check: VXW = "-% .% 3%_
7 0. 1:2 _%32

W, _q.2,..
T = 3%z

—3z22 = W, =

—2zz=> W, =

[/}
Bz

CHAPTER 1. VECTOR ANALYSIS

W, _ aw,
8;\: 8

- 2022+ £(3,2)

~222 + g(y, 2).

=2z = f=yz> +g9(y) > t = Pz +y2? +g(y) 80 F2
2zy + 22 (from (2))-—-&53—0. We may as well pick g = 0; t.hen

= —2z=z.

= 0. May as well pick f=g=0.

=% (2?) + ¥ (322?) + 2 (-2zz).v

—2a:y+z +--"‘-*

You can add any gradient (V) to W without changmg its curl, so this answer is far from unique. Some

other solutions:
W=g23% —2%2z¥;
= (2zyz + x2°) % + 22y &;

W =zyzk — a%2§ + 322 (v ~ 32%) &

Probelm 1.53

18, 10 1
Ve = o (r T c089)+ o (sin6r* cos ¢p) = rsmﬂaqb( 2 cosfsin ¢)

= _1_ 3 1 2

= —dr cost?-i-rsingcosﬂr cosqﬁ!+rsin9( r? cosf cos ¢)

= rco3‘9{4511149+cos¢»—(:034;{:] 4rcosé.
R xf2 nf2

/(V-v)dr = /(4rc039)r sin @ dr df d¢p = 4/r dr/cosﬂsmﬂd()[dqﬁ

0 0

(=

Surface consists of four parts:

(1) Curved: da = R*sinfdf dp¥; r = R. v-da= (R?cosf) (R?

1
2

_)(

T
2

3)

xR

e

sin 8 df dg) .

nf2 nf2
.da = R! @sin@df d¢=R‘(1) Z) =
/v b[cos sin 0] 5 (2)

wR?
vt




11"

o

S R S R e

LA

E

R B e o T T T A e ey

e

(2) Left: da= —rdrdf¢; ¢ =0. v.da= (r? cosBsin ¢) (rdr df) = 0. Jv-da=0.
(3) Back: da=rdrdf¢; ¢ =x/2. v-da= (—7? cos#sin ¢) (r dr df) = ~r® cos@ dr do.

R w2
fv-da: frsdr f cosfdf = — (iR‘*) (+1) = —i—R‘.
0 o

(4) Bottom: da = rsin drd¢@; 0 =x/2. v-da= ('ir'ﬁ cos ¢} (r drde).

R )2
fvd:/r3 fcos¢dq§-—4—

Total: §v-da=7xR*/4+0~ 1R + 1R"--’“F‘r‘. v
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Problem 1.54
s

vy
Vxv =4 8% £ |=2(k-a). So J(Vxv)-da=(b—a)rR2.
ay O G
v-dl={ay%x + bz ¥) x+dyy+dzz)-.ayd:1:+bmdy,a: + 4% = R? = 2047 + 2y dy = 0,
sody = —(z/y)ds. So v Bz ayde +be(—z/y)dr =L (ay® - bz?) do
2__2 2
For the “upper” semicircle, y = vVR2 =%2, s0 v - dl = = R Rx) 2 ds.
_ [ aR? - (a+ b)z? . 2 . 5 = B iz o
/V'dl = !deu— {GR E a+b) [—5 R —z +"-2--Sll'l ('ﬁ)]}_'_ﬂ
= 1Ra-b)sip=HETR) -Rz—l—Rz(a—b)(sin“l(—l)—sin‘1(+ =132(a—b)(—35—3)
3 w2 _ 373
= rerTp-a)

And the-same for the lower semicircle {y changes sign, but the limits on the integral are reversed) so
“dl=nR}b—a). v

Problem 1.55
Mz=2=0;dz= dz—O y:02 1. v.-dl=(y+3z)dy = ydy.

(2z=0;2=2-2y; dz=-2dy; y:1 0. vedl=(y+3z)dy +6dz = ydy — 12dy = (y — 12) dy.

0
! fv-dl=/(y—12)dy=—(l—12)=—1+12.
2 2
1

Bz=y=0dr=dy=0; 2:20. v-dl=6dz;

o
[V-dl:/ﬁdzz—ll
3
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Total: fv-di=3~1+12-12=
Meanwhile, Stokes’ thereom says f v-dl= [(Vxv)-da. Here da = dydz%, so all we need is

(VXv)y = ay(ﬁ) Z(y+3z)=0. Therefore f(Vxv)-da=0.v

Problem 1.56
Start, at the origin.

(1) =%, ¢=07:021 v-d=(rcos?d)(dr)=0. [v-dl=0.

. x/2
(@) r=1,0=%¢:0n/2 v-di=Qr)(rsin0dp)=3dp. [v-di=3 [ df=3z.
0

(3) 6=Z; rsinf=y=1, sor—-smg, dr = m—-cosﬁdﬂ 8:5- %
. _ 3 _ . _cos?d _ cosb _ cos@sind
v-dl = (rcos®8)(dr) ~ (rcossin)(rdf) = per ( ———-) d theta ~a77 dé

cos®®  cosd o5 [cos® @+ sin? @ cosf
- —(si()n33+m)d0=—§in9( Ssi:;ﬂ )dg:nsinaﬂdg'
Therefore
A sin” @ 2sin° 0|,  2-(1/2) 2-(1) 2 2

() 6=%,¢=Fr:vE=0. v-di=(rcos?6) (dr) = brar.

0
2 0
_/v-dl:lfrdrz-l—r— =t L
2 ) 2
Vi
Total:
3r 1 1 P
f\'(ﬂ 0+7+“2"—§—-2~.

Stokes’ theorem says this should equal [(V xv) - da

1 a . 3 - - 1 ]. a 2 6 ~
VXxv = ey [_6?(5"103?) - 55( rsml?cosﬂ)] P+ [m% (r cos?8) — 5;(1‘31')] é
18 . 9, .7
+ [E(wrrcosﬁsm@ - % (r cos 0)] ¢
o1 .1 . o
= rsing[&'cosﬁ]r + ;[-6r}0+ ;[-2rcos$sm9 + 2r cos#sin 8] ¢
= 3cot0F—68. '

(1) Back face: da=—rdrdfd; (Vxv) -da=0. [(Vxv) da=0.
(2) Bottom da = —rsinfdrdpd; (Vxv) -da= 6rsinfdrdd. 0 = I, 50 (Vxv) -da= 67 dr d¢

wf2

1 # 3rm
f(VXV) da-fﬁrd’r/dqf»-— 3= v

[
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Problem 1.57
v -_dl = ydz.

(1) Left side: z =a —x; dz = —dz; y =0.
Therefore [ v -dl = 0.

Therefore fv-dl=0.
(2) Bettom: dz = 0.

Jv-di=[y(~}) =

(3) Back: z=a—}y; dz=~1/2dy; y:2a - 0.

-1y
22

Meanwhlle Vxv =g, s0 [(VXv)-dais : the projection of this surface on the xy plane =3

0
2a 4

L.g-2a=q2 v

Problem 1.58

% /6 2%

18 ,,. 1 1
Vew = 5 (r’r?sin8) + Tend 59 (sm€4r cosf) + 50609 (r tanﬂ)
1 1 . 4r . .
= —41' smﬂ-i- 941' (cos® 8 — sin? 6) = e (sin® 8 + cos? 4 — )
N\, €08 20 ’ '
- ing

" R*sin?9dfdg.
ﬂ'/G 2T 1 ”/6
fv-da = R f sin? 6 df Ydp = (R“) (2x) [ 50 — 7sin 29} =2rR* :
)
0 )

_ Tbereforefv‘da=%1:(-§-—32£+\/§) == (2r +3v3). v

4
T _ %sin60°) = T (n—s—‘@)

R 27
) 4
/V-da=\/§_/r3dr]d¢=\/§-%—-21r=\/?§
0 g

R
' 2 . " /6
(V-v)dr = / 28 (2 3ha r do dg) =f4r3dr[c02d9/d¢= (R*) (2r) |2 4 Sin20
sin@ 2 4 o
) 0 0
= gt (L, 60%) _7RNC o VEYZ T (97 4 3v/3).
12 4 6
Surface consists of two parts:
(1) Theice cream: r = R; ¢:0— 21r; 0 : 0% n/6; da = R%sin®df dpi; v-da = (R?sing) (R? sinf df d¢) =

6 2

{2) The cone: 8 = 2 ¢:0 — 2m; r:O—>R; da=rsin0dpdré = Jzérdrdgbé; v -da =N3ridrdg

' ol

(a) Corolla.ry 2says §(VT)-dl =
and since this is tr

S ey e

X(VT) =0, confirming Eq. 1.44.

"da. So [[VX(VT)]-da =0,
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(c-V)r.B
tob. 1.60{e) says

(e) Let T = ¢ - r, and use product rule #4: VT = V(c-r) = ¢ x (Vxr) +
(c.v),-:(c,g?;+cy8%+cz-§;)(xi+yy=zﬁ)=c,fc+c,,5r+ A

Problem 1.62
(D

'l':* -

18/ ., _ I_,
Ve (U7) =m0 -
For a sphere of radius R:
fv-da = [(}F) (R*sin6ddd¢f) =R [sin0dids=4nR. -
So divergence

J(Vv)dr J () (r*sin @ dr dd dg) = (fﬂdr) (fsinfdfdp) =4axR. [ theorem checks.
o

Evidently there is no deita function at the origin.

18 1
Ux (i) = F5 (r2r™) = ;—5% (r"t?) = 1—_15(11 + 9t = (n + 2!

(except for n = -2, for which we already know (Eq. 1.99) that the divergence is 4wd¥(r)).

(2) Geometrically, it should be zero. Likewise, the curl in the spherical coordinates obviously gives
To be certain there is no lurking delta function here, we integrate over a sphere of radius R, using
Prob. 1.60(b): If VX(r"#) = 0, then [(VXv)dr = 0 = —~§v xda. But v = r"F and da =
R2sin@df d¢ ¢ are both in the § directions, sov xda=0. v




Chapter 2

Electrostatics

Iro
(@)

] ,
(b) | F= mgg-, where r is the distan 0 each numeral. F points toward the missing g.
0 .
Ezplanation: by superposition, this is equi i tra —gq at 6 o’clock—since the force of all

twelve is zero, the net force is that of

(d) —l—gg, poiniting toward the missing ¢. Same reason as (b). Note, however, that if you explaj (b) as
47eq T2
a cangeHdtion in pairs of opposite charges (1 o’clock against 7 o’clock; 2 against 8, etc.), with one unpaire
doifig the job, then you'll need a different explanation for (d).
Problem 2.2 LB
(a2) “Horizontal” components cancel. Net vertical field is: B, = 77;36—52,—,_% cosé. \ i
1 2qz . &
Heref.'."’=z2+(g)2 ;cos0 = £, 50| B = 5575 & 2
3/2

e (2 + (4)")” :
; . - T
When z > d you’re so far away it just looks like a single charge 2¢; the field 7 21 44
should reduce to E = 4:50 %} . And it does (just set'd — 0'in the formula).

2
(b) This time the “vertical” components cancel, leaving E
E= 129 5in6%, or | 2/
z
2 q —q

From far away, (z 3> d), the field goes like B = 4—,,1;;5{- Z, which, as we shall see, is the field of a -dipole. (If we
setd— 0, weget E=0, asis appropriate; to the extent that this configuration looks like a single point charge
from far away, the net charge is zero, so E — 0.)

22




I

E, = X

L Arde
Imeg JO A2

1 A : z . L .
T ZV VAT ?) T (J;T‘_ ‘z‘l"‘.ﬁ?) ZJ '

1_ALa

For z > u expect it to look like a point charge ¢ = AL: E =
term=> 0, and the Z term — -3 74

1 L 1
dneg /\Z .’;] (z2+32)3?2 dJ.T

1

4mep

cos®; (4% = 2% + 22; cosh =

23

the %

“Problem 2.4

—

1

Aa

1 = .
4re 2 2 2
022+ 22+ 4+

1

4)az

E =
oo (2 @) Jrag @

Z.

z

There are 4 sides, and we want vertical components only, so multiply by 4cosf = 4722-; :
2455

From Ex. 2.1, with L — & and z = 1/2% + ( -;—)2 (distance from center of edge to P}, field of one edge is:

Problem 2.5

1 A(2nr)z 5
~ 4me (r2 + z2)3/2 )

\ “Horizontal” components cancel, leaving: E = 2 { {24 cos8} 2.

4men

Here, 22 = r? + 2%, cos® = £ (both constants), while fdl = 2xr. So

Problem 2.6

Ering =

1 (odr)2nrz
d7ep (r2 + z2)3/2 3

Ed;ﬁk = ——270z

r

{r2 + 22)3/2 ar.

1
Edisk = ZEE21F0’Z

|

1

z

1

VR? + 2%

Break it into rings of radius r, and thickness dr, and use Prob. 2.5 to express the field of each ring. Total
charge of a ring is o - 207 - dr = X - 277, s0 A = odr is the “line charge” of each ring.

1 R
dmeg [o
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For R > z the second term — 0, 50 Epjane = 702702 = -2~C£—z
0
- ‘
Forz» B gptn =11+ 5) m (- 48 )so el ot iE = A
and B = 33— %{:—— = s 8, where @ = wR%. v '

da = o R*sin 8 df d¢,

2 = BN 2?2 — 2Rz cos®,
cosp
So .
1 — Rcos#) :
= . de = 2m.
dmeg (R? + 22 — 2Rz c\sq/ 2 Jdp=2n :
1 2, [T (z-Rc¢ f=0=u=+1
_."“—-(Z?TRO')/ (17— om 9=1i'=>u:.—1}'
= —(21rR20} f &+ z; R;;izu)?' i Integrad can be done by partial fractions—or look it up. B

zu—R ]1
2VR? + 22 “2Rzul 4

- nro) [ mR% {(z—R) (-z—R) }

lz—Rl |z + R|

For z < R (inside), E; =0, s0

Problem 2.8
According to Prob. 2.7, gH shells interior to the point (i.e. at smaller ») contribute as though their charge
were concenirated at the génter, while all exterior shells contribute nothing. Therefore:

Problem 2.9

() p=e V-E=co 5 Z (r? kr®) = e 5k(5r?) =




