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Chiral tunneling in metallic carbon nanotubes
A. V. Parafilo,1,* I. V. Krive,1,2,3 E. N. Bogachek,4 U. Landman,4 R. I. Shekhter,2 and M. Jonson2,5,6
1

B. Verkin Institute for Low Temperature Physics and Engineering of the National Academy of Sciences of Ukraine,
47 Lenin Avenue, Kharkov 61103, Ukraine
2
Department of Physics, University of Gothenburg, SE-412 96 Göteborg, Sweden
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The concept of chiral tunneling in metallic single-wall carbon nanotubes, originating from the interplay of
local electrostatic and pseudomagnetic potentials, is considered and applied to an evaluation of the Josephson
current in a nanotube-based superconductor–normal metal–superconductor (SNS) junction and the persistent
current in a circular nanotube. In the former case, an oscillatory dependence of the critical supercurrent on the
potential strength and the nanotube chiral angle is predicted. In the latter case, the existence of a spontaneous
persistent current in an isolated ringlike nanotube is discussed.
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I. INTRODUCTION

Tunneling of nonrelativistic and relativistic fermions
through a potential barrier is drastically different. While for
nonrelativistic electrons the transmission probability, as a rule,
is small and exponentially dependent on the potential strength,
massless Dirac fermions freely penetrate potential barriers
of arbitrary strength with a probability D = 1 for normal
incidence (the Klein paradox).1 The absence of backscattering
is explained by the conservation of fermion helicity, i.e., the
additional quantum number for relativistic particles with spin.
Finite backscattering (D < 1) appears in tunneling of massless
particles through a scalar (electrostatic) barrier for angles of
incidence other than normal or in the presence of a vector
potential (“magnetic” scattering).
In metallic single-wall carbon nanotubes (SWNTs), electron transport is known to be ballistic (see, e.g., Ref. 2) and the
charged quasiparticles are one-dimensional (1D) Dirac-like
massless excitations. Their weak scattering from long-range
tube defects is used to explain (by analogy with the Klein
paradox) the delocalization of electrons, even in long metallic
nanotubes.2 Short-range defects cause electron backscattering (q  2kF ), which for Dirac quasiparticles in SWNTs
is described as strong intervalley (±kF ) transitions. Since
particles in different valleys are characterized by opposite
helicities, the chiral properties of an individual electron do
not play a significant role for electron transport in metallic
nanotubes with short-range impurities. Therefore, electron
tunneling through such defects in nanotubes is qualitatively
the same as for nonrelativistic particles.
We show that a particular type of electron scattering,
namely, “chiral tunneling,” can occur in metallic SWNTs
as a result of the interplay between long-range (“smooth”)
electrostatic and pseudomagnetic potentials. The electrostatic potential (Vd ) models ordinary electron scattering by
charged impurities (or by nonuniform gate potentials), while
the pseudomagnetic potential (Vo ) describes the effective
vector potential caused by deformations of the nanotube.3
Therefore, we physically study the influence of local strain on
electron transport in SWNTs. Chiral tunneling bridges be1098-0121/2011/83(4)/045427(5)

tween ordinary tunneling (D  1), which reappears in the
limit Vo  Vd , and Klein tunneling (D = 1), which is reached
in the opposite limit Vd  Vo . Chiral tunneling is pronounced
when Vo  Vd and is characterized by an oscillatory dependence of the electron transmission coefficient on the chiral
phase φc = U0 cos θ̃ , where U0 is the dimensionless potential
strength and θ̃ is an effective chiral angle determined by the
nanotube chiral angle and the phase of the pseudomagnetic
potential.
We study the effects of chiral tunneling on (i) the
Josephson current through nanotube-based superconductor–
normal metal–superconductor (SNS) junctions and (ii) the
persistent current4 in circular nanotubes. As we show here, the
critical supercurrent in the first case is an oscillating function
of the potential strength and, for special quantized values of
the chiral phase (φc = π N , with N an integer), the resulting
supercurrent coincides with that through a fully transparent
SNS constriction. In the second case, we find that the persistent
current is strongly influenced by the chiral phase. We focus
on the interesting problem pertaining to the existence of a
spontaneous persistent current (at zero magnetic flux) in an
isolated ringlike nanotube with an odd number of electrons.
We show that the amplitude of the spontaneous current (caused
by a nonsymmetric population of Dirac points) is determined
only by the effective chiral angle θ̃ .
II. MODEL

In this paper, we will only consider intravalley electron
scattering. Hence we can model the metallic SWNT by the
Hamiltonian5

H± = ±h̄vF

0
exp(∓iθ )p̂x


exp(±iθ )p̂x
,
0

(1)

where j = ± is the valley index, vF is the Fermi velocity, p̂x =
−i∂x , θ is the chiral angle of the nanotube (0  θ  π/6), and
the x axis is directed along the cylinder axis.6 We shall neglect
some small modifications on the electron dispersion induced
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by the finite curvature of the nanotube walls7 but will comment
on their effect at the end.
We first evaluate the transmission coefficient D(θ ) for
electron scattering by a “local” chiral potential in a SWNT.
Note that the electrostatic (scalar) potential is diagonal in the
pseudospin indices and, therefore, unable to induce electron
backscattering due to the conservation of helicity for massless
Dirac particles. To get nontrivial scattering of chiral particles,
we consider, therefore, the phenomenological matrix potential


Vo (x) exp(±iα)
Vd (x)
,
(2)
V̂± (x) =
Vo (x) exp(∓iα)
Vd (x)
which mixes the two sublattice components of the electron
wave function. The off-diagonal components Vo (x) correspond
to “pseudomagnetic effects.”8 By using “strain engineering”9
of the SWNT (possibly with the help of an atomic force
microscope), both Vo and α can be considered as controllable
parameters. In particular, the phase α is readily expressed
through the components of the strain tensor uik (Ref. 10) {α =
−2θ̃ − arctan[2uxy /(uxx − uyy )]}. Therefore, the scattering
potential [Eq. (2)] can be produced by elastic deformation of
the SWNT. It also appears in the problem of electron scattering
in carbon nanopeapods,5 where the pseudomagnetic potential
is induced by the hybridization of fullerene molecular orbitals
with conduction electron states in the chiral nanotube.
III. CHIRAL TUNNELING

We will consider the potentials in Eq. (2) as local and model
them by rectangular barriers of width a and heights Vo and
Vd in the limit a → 0, Vo ,Vd → ∞, with Vo a = const and
Vo /Vd = const. The resulting scattering problem is solved
for the transmission (t) and reflection (r) amplitudes by the
standard procedure of matching plane-wave and evanescent
solutions of the Dirac equation, yielding

exp(−iVo a cos θ̃/h̄vF ) 1 − (Vo /Vd )2 sin2 θ̃

t=
,
1 − (Vo /Vd )2 sin2 θ̃ cos κ + i sin κ
(3)
sin θ̃ sin κ
Vo

r=−
,
Vd 1 − (Vo /Vd )2 sin2 θ̃ cos κ + i sin κ
where κ = (Vo a/h̄vF )[(Vd /Vo )2 − sin2 θ̃ ]1/2 and θ̃ = θ − α.
These amplitudes depend on several unknown parameters.
We will focus on the case Vo  Vd , where the effects of
chiral tunneling are most pronounced. In this case, the
transmission and reflection amplitudes, expressed as t(θ̃) =
D(θ̃ )1/2 exp[iδf (θ̃ )] and r(θ̃) = R(θ̃ )1/2 exp[iδb (θ̃ )], where
R(θ̃ ) = 1 − D(θ̃), take the form
cos2 θ̃
,
2
2
0 cos θ̃) cos θ̃ + sin (U0 cos θ̃ )


tan(U0 cos θ̃ )
.
δb (θ̃) = arctan
cos θ̃

D(θ̃ ) =

cos2 (U

(4)

The forward (δf ) and backward (δb ) scattering phases are
related as δf (θ̃ ) = U0 cos θ̃ + δb (θ̃ ). Consequently, the (dimensionless) strength of the “local” scatterer in our model
is characterized by a single parameter U0 = aVo /h̄vF .
Although one cannot talk about an angle of incidence in the
1D SWNT scattering problem, our result (4) for the transmis-

FIG. 1. Transmission coefficient as a function of chiral angle at
different values of potential strength (solid curve for U0 = 11 and
dashed curve for U0 = 6.5) and as a function of Vd /Vo (inset) at U0 =
8 for different chiral angles (solid curve for θ̃ = 0.52 and dashed curve
for θ̃ = 0.2).

sion coefficient D coincides—after a change of notation—with
the analogous expression for the transmission coefficient in
graphene.11 In our case, the chiral angle θ̃ formally plays
the role of the angle of incidence of a particle scattered
by a rectangular electrostatic barrier in graphene. It should
be stressed that chiral tunneling in SWNTs differs from the
phenomenon of Klein tunneling. In nanotubes, chiral tunneling
is induced by the interplay of local electrostatic (scalar, Vd ) and
pseudomagnetic (vector, Vo ) potentials, whereas in graphene,
the pure electrostatic potential already leads to finite electron
backscattering (R = 0) for angles of incidence θ = 0.11 In the
general case Vd = Vd , the expressions (3) for the scattering
data cannot be reduced to Klein tunneling in graphene. From
the dependence of the transmission probability on θ̃ shown
in Fig. 1 for different values of the potential strength U0 , we
observe that, for a sufficiently strong (U0 > 1) potential, the
transmission probability is an oscillating function of the chiral
angle 0  θ̃  π/2.
From Eq. (4), one finds that D(θ̃ = 0) = 1 irrespective
of the potential strength, which is a manifestation of the
Klein paradox. In addition, one finds maxima D(θ̃ ) = 1 for
U0 cos θ̃ = π N , where N is an integer. The minimal value
of the transmission probability, Dmin = cos2 θ̃ , is reached at
U0 cos θ̃ = π (N + 1/2). We will refer to these cases as onand off-resonance chiral tunneling. To understand the physical
meaning of these quantization conditions and the oscillations
of the transmission coefficient, it is useful to consider the
spectrum of the Dirac equation with a constant matrix potential
given by Eq. (2). It reads E = Vd ± h̄vF {[p + Ũ0 cos(θ −
2
α)]2 + Ũ0 sin2 (θ − α)}1/2 , where Ũ0 ≡ |Vo |/h̄vF . The only
effect of the uniform diagonal (electrostatic) potential Vd
is a constant shift of the energy spectrum. The influence
of the pseudomagnetic (off-diagonal) potential Vo is more
interesting. This is because it brings about an opening of a gap,
g = 2h̄vF Ũ0 sin(θ − α), in the energy spectrum and plays
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the role of a vector potential by shifting the momentum to
p + Ũ0 cos(θ − α). We will call the quantity φc = U0 cos(θ −
α) the chiral phase (or chiral flux) since it appears as an
Aharonov-Bohm-like phase in chiral tunneling.
Another interesting limit of Eq. (3) is Vd = 0 [while
for Vo = 0 we always have D(θ̃) = 1]. In this case, the
transmission probability takes the simple form D(θ̃) =
1/ cosh2 (U0 sin θ̃). For chiral tunneling (θ̃ = 0), the transmission probability D is smaller than unity and, in general,
exponentially small for strong potentials (as in the case
of ordinary tunneling). The oscillatory dependence of the
transmission probability D(θ̃) on the ratio Vd /Vo is presented
in Fig. 1 (inset), which confirms that chiral tunneling is most
pronounced when Vo  Vd .
Next we consider the effects of chiral tunneling in
two phase-coherent phenomena: the Josephson current in
a nanotube-based SNS junction and the persistent current
in a circular nanotube. Both systems have been studied
experimentally.12,13
IV. JOSEPHSON CURRENT IN A CHIRAL SNS JUNCTION

To calculate the supercurrent in the SNS junction from the
relation J = (4e/h̄)∂ /∂ϕ (where
is the themodynamic
potential, ϕ is the phase difference, and the factor 4 accounts
for spin and valley degeneracies), we need to know the
spectrum of Andreev bound states in the normal region [where
here a SWNT containing a “soft” scatterer is characterized by
Eq. (4), while the superconductor–normal metal boundaries are
assumed to be fully transparent]. To this end, we follow the
standard approach and solve the Bogoliubov-de Gennes (BdG)
equation with a piecewise-constant magnitude (0 ,0,0 ) and
phase of the order parameter.
In this way, we obtain the usual bound-state energies
in a superconductor–normal metal–insulator–normal metal–
superconductor (SNINS) junction (see, e.g., Ref. 14), where all
the SWNT-specific information is included in the transmission
probability D(θ̃ ). Neither the scattering phases δf,b nor the
chiral phase φc appear in the spectral equation. The scattering
phases, being energy-independent quantities in our model,
cancel (as in the case of an ordinary SNS junction) since they
have opposite signs for electrons and holes. In the absence
of backscattering (U0 = 0), the nanotube chirality has no
influence on the Josephson current.
In light of this, one may inquire what effect chiral tunneling
could have on the Josephson current. For chiral tunneling, the
junction transparency is an oscillating function of the potential
strength U0 . Therefore, one may expect a nonmonotonic
behavior of the maximal supercurrent as a function of U0 .
For resonant chiral tunneling, the junction becomes fully
transparent (Dr = 1) and the supercurrent coincides (up to
a statistical factor of 2) with the Josephson current in a
superconducting constriction.15 The dependence of the critical
(maximal) current on U0 is shown in Fig. 2. The junction
transparency is minimal, Dmin = cos2 θ̃, for off-resonance
chiral tunneling. In this case, the energy gap between the
Andreev levels in a junction that is short compared to
the superconducting coherence length is Eg (θ̃) = 20 sin θ̃ ,
which could be very small for nanotubes with small chiral
angles. If so, this would be of importance and relevant, e.g.,
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FIG. 2. The Josephson critical current (in units of e0 /h̄) in a
short junction as a function of the potential strength U0 for chiral
angles θ̃ = 0.52 (solid curve) and θ̃ = 0.2 (dashed curve).

for a recently proposed method for cooling the vibrations of a
suspended nanotube.16
V. SPONTANEOUS PERSISTENT CURRENT

We turn next to the persistent current in a circular SWNT,
where the chiral phase influences the spectrum. A local chiral
scatterer, characterized by Eq. (4), is placed in a ring-shaped
nanotube of circumference L, which is threaded by a magnetic
flux . We then consider two sets of plane-wave solutions of
the Dirac equation, one to the left (l) and one to the right
(r) of the scatterer. By using the Aharonov-Bohm boundary
condition r (x + L) = exp (2π i / 0 ) l (x) (where 0 =
hc/e is the flux quantum) and relating l and r at the position
of the scatterer by means of Eq. (4), one readily finds the energy
spectrum to be

En,j L
= ± arccos[ D(θ̃) cos(χj )] + δb (θ̃) + 2π n . (5)
h̄vF
Here, n = 0,±1,±2, . . .; j = ±1 denotes the electron energies
in the ±kF valley; and χj = 2π / 0 − j φeff and φeff =
kF L − φc (θ̃) is the effective dimensionless flux. The term kF L
represents a “statistical flux,” which results in parity effects for
spinless electrons in an isolated ring (see, e.g., Ref. 17). Chiral
tunneling introduces an additional term, namely, the chiral
flux. Note that particles in the ±kF valleys feel effective fluxes
of opposite sign.
Evaluating the persistent current in a ring at a given
chemical potential μ as J ( ; φc ,μ) = −c∂ /∂ (where
is the grand canonical thermodynamic potential) for the
energy spectrum (5) is rather straightforward. The result at
low temperatures T  h̄vF /π L and zero chemical potential
(undoped ring) is
sin(χj )
4 

J ( ; φc ) = I0
π j =± D −1 (θ̃) − cos2 (χ )
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j

×

∞

k=1


sin{k arccos[ D(θ̃) cos(χj )]} cos[kδb (θ̃)]
,
k
(6)
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changes sign at the on-resonance points. Irrespective of the
actual potential strength U0 , the amplitude of the current corresponds to the off-resonance case |Jsp | = I0 [Dmin (θ̃ )]1/2 =
I0 cos θ̃ . This current is analogous to the semiresonance peaks
in the persistent current oscillations considered in Ref. 19.
VI. CONCLUSIONS

FIG. 3. Spontaneous persistent current (in units of I0 = evF /L)
as a function of chiral angle θ̃ for the potential strength U0 = 15.

where I0 = evF /L. We observe from Eq. (6) that there is a
spontaneous persistent current (i.e., at zero external magnetic
flux = 0; see Ref. 18) in each valley (j = ±). However, at
equilibrium and for a ring with a fixed chemical potential (in
particular μ = 0), when the energy levels in the two valleys
are equally populated, the net persistent current at zero flux
vanishes: J ( = 0; φc ) = 0.
A net spontaneous current can appear in an isolated SWNT
ring with a nonequilibrium population of Dirac points. This
happens for an isolated ring with an odd number of spin-1/2
fermions and in the absence of 2kF backscattering. Under these
conditions, there is always one “uncompensated” electron with
definite spin projection and definite chirality (η = ±) at one
of the two (j = ±) Dirac points. The spontaneous current,

D(θ̃ ) sin(U0 cos θ̃ )
evF

Jsp = j η
L 1 − D(θ̃) cos2 (U0 cos θ̃ )
= ±I0 sgn( sin(U0 cos θ̃)) cos θ̃ ,

(7)

is associated with the partial current of this zero-energy state.
Figure 3 illustrates the behavior of the spontaneous current
as a function of chiral angle θ̃ . Note that the current abruptly
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