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Relaxation of high-energy quasiparticle distributions: Electron-electron scattering
in a two-dimensional electron gas
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A theory is developed for the evolution of the nonequilibrium distribution of quasiparticles when the
scattering rate decreases due to particle collisions. We propose a ‘‘modified one-collision approximation,’’
which is most effective for high-energy quasiparticle distributions. This method is used to explain measure-
ments of the nonmonotonic energy dependence of the signal of scattered electrons in a two-dimensional
system. The observed effect is related to a crossover from the ballistic to the hydrodynamic regime of electron
flow.
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I. INTRODUCTION

The propagation of an electron beam in a tw
dimensional degenerate electron gas~2DEG! can be used to
study the role of electron-electron (e-e) collisions in reduced
dimensions; see e.g., Refs. 1–3. Of main interest are ‘‘hi
energy’’ beams with a typical electron energy that exce
considerably the thermal energy of the equilibrium electro
within the 2DEG, but remains significantly below the Fer
energy. A special combination of ac- and dc-measurem
techniques allows for an energy-selective investigation
electrons traversing a defined distance within a 2DE4

Some of these experiments were analyzed in terms of tht
approximation,5,6 where it is supposed that each collisio
scatters an electron out of the beam. However, this appro
is obviously insufficient for the case ofe-e scattering in a
2DEG, where small angle scattering events dominate,
scattered electrons may remain within the region of the e
tron beam.4,7–10

For an adequate theoretical description ofe-e scattering it
is necessary to take into account the incoming terms in
collision operatorĴ ~see the second term on the right of t
equation forĴ) of the dynamic integrodifferential linearize
Boltzmann equation:

d f

dt
5 Ĵ f ,

Ĵ f 52n f 1E dp8npp8f ~p8!, n5E dp8np8p , ~1!
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Here, f is the distribution function of nonequilibrium elec
trons, r is the location of a nonequilibrium electron, andv
andp are the electron velocity and momentum, respectiv
~quasiclassical approximation!. F is the Lorentz force acting
on the electron. The functionnp8p determines the probability
of nonequilibrium electrons (np8p.0) or holes (np8p,0) to
be found in statep after scattering from statep8. A hole in
this case describes the absence of an equilibrium elec
below the Fermi surface.

In the general case, the solution of the kinetic Boltzma
equation~1! is a very difficult task, both in analytical an
numerical calculations. But it is well known from the kine
ics of gases that two regimes exist that allow for an essen
simplification of the description. First, in the few-collisio
case the probability is small for an electron to be scatte
over a characteristic length scaleL ~e.g., the distance be
tween the injector and the detector; see Fig. 1 below!, which
is much smaller than the electron-electron mean free patl,

FIG. 1. Scheme of thee-e spectroscopy experiment~see text!.
©2003 The American Physical Society18-1
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i.e., l 5vn21@L. Therefore, using perturbation theory it
possible to solve the Boltzmann equation by iteration of
collision operator~quasiballistic approximation!. Second, in
the case of frequent collisions (l !L) a hydrodynamic situa-
tion arises. The influence of frequent collisions establishe
quasiequilibrium distribution that is characterized by hyd
dynamic variables, such as the average velocity or temp
ture, that depend only smoothly onr . These regimes were
studied in our previous publications.4,8–10 For obvious rea-
sons a treatment of the intermediate regime (l'L) presents
considerable difficulties.

In this paper we show that it is possible to study t
intermediate regime successfully if the scattering probab
decreases substantially with each collision. The occurre
of a decreasing scattering probability can be expressed b
additional small parameterD, which is defined as the ratio o
the scattering probability of a nonequilibrium electron afte
collision to the probability before this event. Such situatio
can be found in a wide range of problems where nonequ
rium quasiparticles, exhibiting some excess energy ab
thermal equilibrium, collide with equilibrium quasiparticle
and lose a considerable amount of this energy due to
event. Usually, the probability for inelastic scattering d
creases drastically with decreasing energy of the quasip
cles, because the statistical weight decreases for both
possibility for finding a collision partner and for findin
empty final states. Electron-electron, electron-phonon,
phonon-phonon collisions at temperatures below the De
temperature can be taken as an example.

Our approach is based on the following concept:~i! a few
collisions are treated exactly, while~ii ! subsequent collisions
are neglected, or considered perturbationally. We will refe
this approach as the modified one-collision approximat
~MOC!, which accounts for the fact that in most cases
restriction to a one-collision approximation is sufficient
explain the general features of the scattering experiment
the present work, a full account of the MOC approximati
is given and the results are applied to analyze experime
data obtained from electron beam experiments. It is sho
that applicability of the MOC approximation to the scatteri
of high-energy electrons substantially extends the descrip
of spectroscopic data from electron-electron collisi
experiments.4 The nonmonotonic dependence of the signa
scattered electrons on the beam energy can be expla
within the MOC approximation. This observation can be
terpreted as a crossover from the ballistic to multicollisi
~hydrodynamic! flow regime.

II. MODIFIED ONE-COLLISION APPROXIMATION

Let us consider nonequilibrium electrons at a characte
tic energy«0, which is measured from the Fermi level«F ,
and is larger than the temperatureT of the equilibrium elec-
tron gas,«0@T. In a first stage of relaxation these high
nonequilibrium electrons are scattered by equilibrium el
trons, thus generating a new nonequilibrium system but w
already much lower excess energy. This stage of relaxa
was named the ‘‘pretemperature’’ stage in Ref. 7. This p
temperature stage ends when the quasiparticles energy
16531
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comes comparable to the bath temperatureT. The most im-
portant fact for the pretemperature stage is the following
the energy«0,«F , then the probability of secondary colli
sion is an order of magnitude lower than that of the first on7

Indeed, the energy« of a nonequilibrium electron after col
lision with an equilibrium electron will be distributed amon
three states in phase space:

p1p8→p91p-, «5u«8u1«91«-.

For T!«, we have«8,0 and«9,«-.0 due to the Pauli
principle, i.e., the statep8 is below the Fermi level while the
final statesp9 and p- are well above. The energy of th
initial electron is redistributed between three final states.
average, the energy of each state after the first collision
be expressed as«1;«0D, with D2'1021 ~note that the nu-
merical value ofD depends on the specific type of proble
considered7!. Since the energy-dependent mean free p
l («)}1/«2, this means thatl («) of nonequilibrium quasipar-
ticles will increase by about an order of magnitude, whi
implies that l («1)'D22l («0)@ l («0). This may lead to a
situation where the probability for a secondary collision
low while the probability for the first collision is close t
unity in a system of sizeL: l («1)@L* l («0). In this case, it
is a natural choice to consider the first collision exactly wh
the secondary collision is treated by perturbation theo
which leads to an extension of the validity of the on
collision approximation up toL;10l («0).

In the following, we use this approach for the case
propagation of nonequilibrium electrons in an electron be
injected into a 2DEG via a quantum point contact. For stea
state conditions, the operatord/dt on the left side of Eq.~1!
must be replaced by (v•]/]r )1(F•]/]p). For further con-
sideration it is convenient to use Cartesian coordinates. Tx
axis is along the beam direction, while the origin is located
the center of the electron beam injector~a quantum point
contact in an actual experiment!. Equation~1! will be solved
by integrating along the trajectory. We definet as the time of
motion of the particle along a given trajectory.R(r ,p,t) is
the ~Lagrange! coordinate of the particle at a timet. At the
time of observation~taken as the origin of the time coun
ing!, the particle is located at pointr with momentump. The
momentum of the particle at a timet is P(r ,p,t)5mV
5m(]R/]t). The particle trajectoryR(r ,p,t) is uniquely de-
fined for given applied fields. The solution of the equati
X(r ,p,t0)50 defines the start timet0 of the electron injec-
tion into the system atx50. The solution of Eq.~1! is given
as

f 5 (
n50

`

f (n),

f (n11)~r ,p!5E
t0

0

dtE dp8@nPp82d~P2p8!n# f (n)~R,p8!

[E
t0

0

dt~ n̂2n! f (n). ~2!
8-2
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In this expression eachnth term of the series is obtaine
by n subsequent actions of the collision operator on the
tial or unpertubated functionf (0), which describes the ballis
tic motion of the particle:

f (0)~r ,p!5 f 0~Y0 ,P0!,

Y05Y~r ,p,t0!, ~3!

P05P~r ,p,t0!.

Here, f 0(y,p) is an injected distribution where all the in
jected electrons have a characteristic energy«0. The quasi-
particles, which appear as the result of a collision, are
scribed by the action of the incoming partn̂ of the collision
operatorĴ on f 0(y,p). In other words,n̂ f 0 corresponds to a
particle that has been scattered once, whilen̂ n̂ f 0 describes a
subsequent second scattering event, and so forth. C
spondingly, the typical energies of these states differ:f 0 is
characterized by the energy«0, for n̂ f 0 the characteristic
energy will be«1;«0D and for n̂ n̂ f 0 it will be given by
«2;«0D2, etc. Consequently we find thatv21nn̂ f 0

; l 21(«1) n̂ f 0 and thatn̂v21n f 0; l 21(«0) n̂ f 0. Therefore, as
a main approximation in the parametersl («0)/ l («1),
L/ l («1)!1, it is possible to neglect all terms in the series
Eq. ~2! that includen̂ or n to an order higher than one, whe
n is placed to the left ofn̂. After making this approximation
the summation of the remaining terms can be carried
easily. Thus, the main idea consists of a partial summatio
the infinite series to a first or subsequent approximation
required in order to reach sufficient accuracy for an adequ
description of the experiment.

For a stationary beam in a magnetic field, a Green’s fu
tion of the MOC-1@i.e., the solution of Eq.~1! for f 0(y,p)
5d(y)d(p2p0) that takes into account the first collisio
exactly# has the following form:
er
u

in
o
cl
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g~r ,p!5gb1( nPP8

V0x

uV13V8u
exp$n~«0!~ t02t8!%. ~4!

Here gb is the distribution of the ballistic part of the elec
trons, i.e., the solution of Eq.~1! in the absence of the inte

gral operatorn̂. t8 is the time of collision andt0 is the
starting time.P85mV8 and P15mV1 are the momenta be
fore and after collision, respectively, whileV05P0 /m. The
values of t, t0 , R(r ,p,t8), P85P(0,p0 ,t02t8), P1

5P(r ,p,t8), andp are determined through the equations
motion by the initial momentump0 and locationr . The
equations of motion are reduced toR(r ,p,t8)5R(0,p0 ,t0
2t8). The presence of walls in the experimental setup~see
Fig. 1! excludes solutions with a full cyclotron orbit.

Note that the MOC approximation is applicable in pri
ciple under conditions, where a pretemperature stage oc
for the nonequilibrium quasiparticles. In other words,
holds when the following hierarchy of mean free paths
given:

l ~«0!! l ~«1!! l ~«2!! l ~«3!!•••& l ~T!, ~5!

where« i is the energy after thei th collision andl («0)&L
! l (T); for L! l («0) the inequality corresponds to the qu
siballistic regime, where perturbation theory is applicable
L corresponds to thenth segment of this hierarchy, i.e
l («n),L, l («n11), it is necessary to construct a MOC-n
approximation by treating the firstn collisions exactly, which
leads to relative corrections of the order ofD2. The approach
breaks down when the quasiparticle energy is comparabl
T. As an example, the exact result for the first two collisio
~MOC-2!, for the spatially homogeneous case andf 0}d(«
2«0), reads
f 5S exp~2n0t !1~n02n!21FexpS 2
nt

12n/n0
D2exp~2n0t !G n̂1n0

21n̂H n21@12exp~2nt !#1~n02n!21Fexp~2n0t !

2expS nt

12n/n0
D G J n̂ D f 0 , n05n~«0!. ~6!
sed
thod
a

an-
that

een
This formula is valid for timest, l («2)/vF . Thus, just a few
steps lead to high accuracy. It turns out that for the exp
ments discussed below, just one step is enough to prod
satisfactory results.

III. EXPERIMENT

In order to investigate the electron-electron scatter
properties in a 2DEG, experiments are needed that allow
to distinguish between scattered and nonscattered parti
i-
ce

g
ne
es,

and reveal the details of scattered signal. Therefore, we u
the experimental setup of the electron spectroscopy me
proposed in Ref. 4~see Fig. 1!. The sample is based on
conventional Si-modulation-doped Ga-As~Al,Ga!As hetero-
junction with a carrier density ofn'2.831011 cm22 and an
impurity mean free path ofl im'20 mm. The scheme of the
experiment is shown in Fig. 1. Schottky gates define qu
tum point contacts in the 2DEG and are adjusted such
the injector and detector quantum point contact~QPC! are
carrying only one conducting mode. The distance betw
8-3
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R. N. GURZHI et al. PHYSICAL REVIEW B 68, 165318 ~2003!
the injector and detector QPC isL54 mm. Ohmic contacts
are indicated by crossed squares in Fig. 1. The sample
cooled down toT50.2 K. An ac-modulated dc bias voltag
applied between Ohmic contacts 1 and 2 was used to in
the electrons into the 2DEG area between injector and de
tor. The amplitude of the ac modulationdVi was much
smaller than the dc component,dVi!Vi . The ac componen
of the detector signal, i.e., the voltage that occurs betw
contacts 3 and 4 (Vd5V34), is measured with a lock-in tech
nique. With this technique only the signal of electrons w
energyVi is measured, while the wholee beam consists o
electrons with energies in the range of 0–Vi . ~Note that
throughout this paper the electron chargee is set equal to 1,
e51.!

The magnetic field dependence of the detector sig
dVd(B,Vi) has been studied for a wide range of energ
Vi50 –9 mV. An example is given in Fig. 2 for differen
injection energiesVi . This figure displays the evolution of
monoenergetic electron beam with increasing injection
ergy Vi , which reflects the energy-dependent electro
electron scattering. From the full width at half maximum
the low-energy curve (Vi50.1 mV, not shown! it is possible
to extract the opening angle of the collimated electron be
F'12°, which is identical for the injector and the detect
when the QPC’s are equally adjusted to a single conduc
mode (GQPC52/h).

The contribution of scattered particles to the detector s
nal dVd

s can be easily extracted following the approach
Ref. 4:

dVd
s~B,Vi !5dVd~B,Vi !2expS 2

2r c

l ~Vi !
arcsin

L

2r c
D dVd

0~B!,

~7!

where l (Vi)54p\vF(«F /Vi)
2/«F(ln «F /Vi1ln 2qTF /kF

11/2) is the energy-dependente-e scattering length accord
ing to Ref. 6, whereqTF is the Thomas-Fermi screenin
wave vector,r c is the cyclotron radius, andvF is the Fermi
velocity. The second term on the right-hand side of this
pression corresponds togb defined in Eq.~4!, dVd

0(B), rep-
resents the signal that would be observed in the absenc
scattering. A good approximation for this value can be o

FIG. 2. The experimentally measured signal at the detector
function of the magnetic field for different energies of injectio
solid curve, 0.8 mV; dashed curve, 1.6 mV; dotted curve, 2.6 m
dash-dotted curve, 3.4 mV.
16531
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tained from the signal measured for the lowest excitat
voltage dVd(B,Vi) at Vi50.1 mV. In this case,L/ l;102

and electron-electron collisions can be ignored. Note that
injection energiesVi.3.5 mV'«F/3 the above equation fo
l (Vi) yields a large inaccuracy. However, this can be igno
becausel (Vi) becomes so small that the subtraction of t
ballistic contribution to the signal leads only to corrections
less than 1%.4

IV. DISCUSSION

In Fig. 3 the maximum value of the magnetic field depe
dent signal due to the scattered electrons,dVmax

s (Vi)
5maxBdVd

s(B,Vi), is presented as a function of the injectio
energy (Vi). This dependence shows a distinct nonmon
tonic behavior, i.e., a rapid increase at smallVi , a distinct
maximum atVi'2 mV, and an abrupt decrease for larg
injection energies up toVi;8 mV, followed by a weak in-
crease.

The presence of a maximum and the subsequent decr
in the energy dependence ofdVmax

s (Vi) cannot be explained
in the context of a simple perturbation theory applied to
collision integral, because in the regime where the maxim
is observed the electron-electron mean free path is alre
smaller than the distance between the injector and dete
QPC. Perturbation theory can only be applied to describe
increase of the signal for small energiesVi . The presence of
a strong decrease appears at first sight to be unexpe
because in the multicollision regime that is entered up
increasingVi , a decrease of the ac signal from scatter
particles is not anticipated. In this multicollision regime th
ballistic beam is already absent but the motion of the el
trons can be represented by a hydrodynamic drift.

However, the behavior shown in Fig. 3 can be explain
in the context of the modified one-collisional approximati
described above by taking into account the specific prop
ties of e-e scattering in two-dimensions.7 A calculation
shows that by taking into account the first collision exact
Eq. ~4! leads to the following expression for the detect
signal due to scattered particles:

dVd
s}nK~c!G~c!expS 2

L

4l

c

sinc/2D ,

a

;

FIG. 3. The maximum of the scattered particles signal as a fu
tion of the injection energy. Empty square markers correspond
the experimental values. The thick line represents the theory.
dashed line represents theoretical calculations outside the rang
applicability of the approximation used here.
8-4
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c52 arcsinS L

2r c
D , ~8!

wherec is the scattering angle,G(c)5*2F/2
F/2 dwg(c2w) is

the angular distribution function ofe-e scattering,g(c)
5mn21*d«n««0

(c), averaged over an intervalF, the

weighting coefficient K is K'1/F for c&F and K
'1/sinc for F,c,p/2. ~It is sufficient to consider only
the case where the cyclotron radiusr c is smaller thanL.! It
should be noted that Eq.~8! is valid for all ratios ofF and
the angular width ofg(c). The expressionLc/4 sin(c/2) in
the exponent of Eq.~8! represents the length of the electro
trajectory from the injector to the pointO where the scatter
ing takes place~see Fig. 1!. From Eq.~8! it follows that the
signal due to scattered particles, on the one hand, is dire
proportional, to thee-e scattering probability or the fre
quency of the collisionsn and, on the other hand, is propo
tional to the probability of an electron to reach the scatter
point O ballistically. As has been shown earlier in Ref. 4, t
preexponential factor increases with increasingVi at low in-
jection energies~mainly due to the increase of the collisio
frequencyn}Vi

2).
The existence of a maximum in Fig. 3 can be attributed

a competition between an increase of the scattering prob
ity ~the preexponential factor! and a decrease of ballisti
transport into the neighborhood of the scattering pointO ~the
exponent! with Vi . This explanation is supported by the e
cellent quantitative agreement between the experimental
and a theoretical fit based on Eq.~8!, where the anglec is
replaced by the experimental valuecmax ~see Fig. 3!.

The good fit also justifies the use of the one-collisi
MOC approximations indicating that higher-order collisio
can be neglected. For small energies, the preexponential
tor determines the behavior of the signal due to scatte
particles, which also can be described by standard pertu
tion theory applied to the collision integral. Around th
maximum the probability for secondary collisions is st
small and the signal is still defined by the scattering t
takes place in the neighborhood of the pointO. However, the
probability for a first collision on the way between the inje
tor and the detector becomes larger. This emphasizes th
crease of the signal with increasingVi . As mentioned above
this regime cannot be described by ordinary perturba
theory requiring the MOC approximation. At this point w
would like to note that the nonmonotonic behavior of t
ac-current component that has been discussed above c
be explained by nonlinearities due to heating effects that
expected to appear at approximately the same values ofVi in
dc measurements.9 It can be shown that such an effect giv
only a small correction of the order ofT(Vi)/Vi to the ac
component of the signal, whereT(Vi) is the temperature du
to the heating effect.

Finally, we may only speculate about the origin of t
weak increase of the detector signal that is observed for
highest injection energiesVi . As the injection energy ap
proaches«F , the potential drop across the injector QPC b
comes so large that the second subband of the QPC
become populated. This enhances the injector conducta
16531
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and, consequently, the detected signal. For these energie
~8! is no longer valid~see Ref. 4!. A second reason could b
transition to the two-collision~or multicollision! regime as
the mean free path is less then 1021L at these energies.

V. CONCLUSION

In summary, we have shown in this paper that it is po
sible to investigate successfully the evolution of a hig
energy nonequilibrium quasiparticle distribution with th
help of the modified one-collision approximation. Th
method was used to explain measurements of the nonm
tonic energy dependence of the signal of scattered elect
in a 2D system. We have obtained an excellent quantita
agreement between the experimental data and a theore
calculation.

In conclusion we would like to emphasize that the MO
approximation may be of interest for a wide range of pro
lems independent of the nature of the scattering particles;
only restriction is that the scattering probability shou
strongly decrease after one or several collisions. Along w
the case of electron-electron scattering, this is a typical s
ation for the majority of inelastic scattering processes, s
as electron-phonon, phonon-phonon etc. Let us discuss a
example, electron-phonon scattering in the case when
electron energy is high enough«@T, but is low in compari-
son with the Debye temperature~the electron energy is mea
sured from the Fermi level!. In this case a phonon with a
energy of the order of« will be emitted as a result of the
electron-phonon scattering event and the correspond
mean free path isl}«23. In contrast to electron-electro
scattering the energy is redistributed here between two st
according to the momentum and energy conservation la
p05p11q and«05«11v. Herep0 and«1 are the quasimo-
mentum and energy before the collision, and after the co
sion they arep1, and«1, respectively;q is the quasimomen-
tum of the emitted phonon andv its energy. Since, on
average, the energy is redistributed equally between the s
tering productv;«1, we also have here the small parame
l («0)/ l («1);223.0.1. The case of three-particle high
energy phonon-phonon scattering processes differs only
the energy dependence of the mean free path.

Furthermore, the inelasticity, on which the approach
veloped in this paper is based, is likely to be relevant
only to the energy redistribution but also to some other qu
tities; this includes, for example, the spin in cases where
probability of scattering decreases significantly after a sp
flip scattering event. This case may be realized for elect
scattering from spin-polarized impurities~there are no spin
subbands in this case! and if the exchange interaction de
pends significantly on the mutual orientation of the electr
spin and the impurity spin. Let us neglect the interacti
between electrons of one of the spin directions~spin-up, for
example! and the impurities. Then the spin relaxation pr
cess is completed just after the first spin-flip scattering of
spin-down electrons. Thus, it is straightforward to descr
this process in the framework of the modified one-collisi
approximation.

The method we proposed in this work can be very eff
8-5
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tive also for point-contact spectroscopy.11,12The reason is the
following. The current-voltage characteristic of the elect
circuit containing a microconstriction is determined by t
backscattering due to inelastic electron scattering proce
just in the region of the microconstriction. Ifl («)&L (L is
the length of the constriction! the current-voltage characte
istic is determined only by one or a few first collisions, t
probability of which is not small and, thus, it cannot be tak
into account using perturbation theory@as it was done in the
study described in Ref. 12 for the case whenl («)@L]. The
same also holds for the nonlinear thermoelectric phen
enon in point contacts.13 The influence of the first collisions
on the point-contact spectrum may be calculated exactly
ing equations of the general form of Eq.~6! because in point-
.T
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contact spectroscopy the excess energy of the electro
high, «@T.
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