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We review the historical and modern understanding of the most basic equation of friction, Amontons’ law,
which describes phenomena that were already understood and studied by Leonardo da Vinci 500 years ago.
This law states that for any two materials the (lateral) friction force is directly proportional to the (normal)
applied load, with a constant of proportionality, the friction coefficient, that is constant and independent of
the contact area, the surface roughness, and the sliding velocity. No theory has yet satisfactorily explained
this surprisingly general law; all attempts have been model or system dependent. We review the experimental
evidence and find, for example, that the same friction coefficient is often measured for the same system of
materials with junctions whose areas differ by more than 6 orders of magnitude. The trends obtained through
molecular dynamics (MD) simulations agree with recent and past experiments and with Amontons’ law, and
they suggest that the local energy-dissipating mechanisms are not merely “mechanical”, as assumed in most
models, but “thermodynamic” in nature, like miniature irreversible compression-decompression cycles of
the trapped molecules between the surface asperities as they pass over each other. The MD analysis reveals
that, for such dynamic, nonequilibrium, energy-dissipating processes, a proper statistical description can be
formulated through the use of the Weibull distribution of the local friction forces, which may be regarded to
serve in this context a similar purpose as the Boltzmann distribution for classical systems at equilibrium.
Another important conclusion is that the concept of the “real” area of contact is a nonfundamental quantity,
whether at the nano-, micro-, or macroscale. However, it may serve as a convenient scaling parameter for
describing the really fundamental parameters, which are the number density of atoms, molecules, or bonds
involved in an adhesive or frictional interaction.

1. Brief History of the Concept of the “Coefficient of
Friction”
The coefficient of friction (COF), or friction coefficient, is a
constant defined by

µ)

lateral (friction) force
F
)
normal (externally applied) load L

(1a)

dF
dL

(1b)

or

µ′ )

In the first definition, F ) 0 at L ) 0; i.e., the friction force is
zero at zero load, while in the second definition, the friction
force may be finite at zero load and the COF is given by the
slope of the line. Friction coefficients are tabulated in manuals
and handbooks, are used in the design of machinery as well as
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in the construction industry,1 and play a key role in many
lawsuits. And yet this quantity is not a constant; that is, it is
material dependent, and it is often found to take different values
for different conditions (e.g., humidity, smooth or rough
morphologies) of the sliding surfaces. Moreover, there are many
instances where the above equations, especially eq 1a, do not
apply at all, for example, in situations where there is friction
even at zero or negative loads.
Early Phenomenological Observations and Theories of
Friction. A “friction” force is different from a conventional
applied force which in the Newtonian definition acts on a body
from the outside and causes it to accelerate. The friction force
is not an independent external force that acts on a body but an
internal force that opposes the externally applied force. Thus,
it may be thought of as a reaction force rather than an action
force. In this sense, it is similar to the adhesion force between
two bodies, which appears only when one tries to separate the
bodies from contact.2 Bearing this difference in mind is
important both in practice and in theoretical modeling of friction
(and adhesion).
The first recorded systematic studies of friction were made
by Leonardo da Vinci (1452-1519). He measured the friction
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force F needed to slide a mass M (equivalent to an external
compressive load L) across a surface, most probably wood on
wood and wood on iron combinations,3 and made two important
observations: first, he concluded that the friction force doubled
when the weight was doubled (i.e., that F was proportional to
L); and second, he concluded that the friction force was
independent of the way the objects were positioned on the
surface (i.e., that F did not depend on the area of contact A
between the moving surfaces). These observations were later
confirmed by Amontons (1663-1706),4 and Coulomb further
noted the velocity independence of the friction force.3 These
three observations can be summarized as follows

µ ) F/L ) constant (independent of A and V)

(2)

where A and V are the (“apparent” or macroscopic) contact area
and sliding velocity, respectively. While we now know that eq
2 is not valid over large ranges of loads and/or sliding
velocities5,6 and that it completely breaks down for atomically
smooth surfaces in strongly adhesive contact,7 it remains
surprisingly good at describing the majority of rubbing surfaces
involving both dry and lubricated contacts, both ductile and
brittle, both rough and smooth surfaces (so long as they are not
adhesive), and both macroscopic and microscopic contacts.8,9
For 500 years, until the recent development of sophisticated
computer simulations of dynamic many-body systems, this
apparently quite general equation defied a satisfactory modelindependent explanation, which is the subject of this article.
All the terms in Amontons’ law refer to macroscopic, i.e.,
space- and time-averaged or “mean-field”, values. Thus, the
contact area is the “apparent” or projected geometric area rather
than the “real” contact area at the molecular level. And V is the
mean relative velocity of the sliding bodies even though the
shearing microjunctions may be moving with large fluctuations
or in a stick-slip fashion.10 Early attempts to account for
Amontons’ law, first by Amontons4 and later by Coulomb
(1736-1806)11 and Euler (1707-1783),12 were based on
analyses of how the microscopic surface asperities of one surface
would have to climb over those of the other to allow for two
surfaces to slide past each other. The argument went something
like this: Since the lateral local friction force F needed to lift
an asperity equals the normal (local) load L multiplied by tan
θ, where θ is the maximum slope of the asperity junction, we
immediately obtain Fi/Li ) tan θi at the ith asperity. When
averaged over all asperities, it was reasonable to expect the
space-averaged angle θ and therefore tan θ to be constant, viz.,
〈tan θi〉 ) constant. Denoting the total friction force by F, we
may write

F)

∑ Fi ) ∑ Li tan θi ) 〈tan θi〉L ) µL

(3)

where L is the total load, and in the third equality we assumed
that on average the local values of tan θi and Li are uncorrelated.
In the above, µ is the macroscopic friction coefficient, which
is also seen to be independent of the contact area A or velocity
V (since neither of these parameters ever enter into the picture).
And since adhesion is never considered, the model implicitly
applies only to nonadhering surfaces.
Various arguments, both experimental and theoretical, were
soon raised against this purely geometrical and mechanistic
interpretation of friction notably by Leslie13 in 1804 who argued
that the energy expended on dragging an asperity to the top of
another is simply recovered when it falls down on the other
side. Thus, no energy is ever lost; the two surfaces should simply
continue to move once they are set in motion without the need

of a constant driving force (to overcome the nonexistent friction
force). Some other “energy-dissipating” mechanism was therefore called for. In a series of classic experiments, Bowden and
Tabor14,15 found that the electrical conductivity at a metalmetal interface was proportional to the load pressing the two
(rough) surfaces together and thereby concluded that the “real”
area of contact is proportional to the load (A ∝ L). Since the
lateral force needed to shear or plastically deform a junction is
also proportional to the area of the junction, they immediately
arrived at Amontons’ law.
But the Bowden-Tabor (BT) theory was inconsistent with
the Hertz theory16 of nonadhering elastic junctions, which
predicts that A ∝ (RL)2/3 for a sphere of radius R on a flat
surface. Furthermore Maugis and Pollock17 investigated, in the
context of metal microcontacts, the development of full plastic
deformation of junctions and predicted A ∝ R1/2L. Some
reconciliation was achieved by Greenwood and Williamson
(GW),18,19 who showed that, for two rough (nonadhering)
surfaces having an exponential distribution of asperity heights
(all asperities were assumed to have spherical caps of equal
radius), the real contact area would indeed be proportional to
the applied load if the asperities deformed elastically. Other
assumptions, or limitations, of the GW theory include the
application of the macroscopic (continuum) Hertzian theory of
elastic deformations to microscopic and nanoscopic asperities,
the assumption of identical asperity radii, and the inability to
extend it to atomic or molecular-scale structures, as well as the
very important fundamental assumption concerning the area
dependence of the “shear strength”. All this makes the GW
theory highly model dependent, especially if one wants to apply
it more widely, e.g., to lubricated, plastically deforming, or
molecular-scale systems. The GW approach motivated certain
extensions of the original work, as well as generalizations of
the statistical model approach to the treatment of other models
of contact (incorporating effects of plasticity and wear,20
adhesion,21,22 and fractal geometries).23,24 Nevertheless, in light
of their assumptions, it is doubtful that both the BT and GW
theories could account for all the cases where eq 1 has been
found to hold as, for example, in situations involving wearless
sliding, and it is timely to explore other approaches for the
elucidation of the origins of Amontons’ law. In this context,
we call attention to a self-assessment by Greenwood of certain
key aspects of the GW theory titled “Surface Roughness and
Contact: An Apology”.25
For adhering surfaces, Derjaguin26 proposed the following
modified version of Amontons’ equation

F ) µ(L0 + L) ) F0 + µL

(4)

where a constant “internal” load L0 is added to the external load
L to account for the intermolecular adhesive forces.27 The
Derjaguin equation accounted for the experimental observation
that there is already a finite friction force F0 at zero load for
adhering surfaces, but this equation is even more difficult to
reconcile with the Johnson-Kendall-Roberts28 (JKR) theory
of adhering junctions. In addition, the friction coefficient is not
constant when it is defined from eq 4 as the ratio F/L ) µ(1 +
L0/L), which gives µ ) ∞ at zero load, but it is constant when
defined as the slope, dF/dL ) µ ) constant, which is the
common convention in such cases.
2. Recent Experimental and Theoretical Insights
With the advent of the atomic force microscope29 (AFM) and
the surface forces apparatus30,31,32 (SFA), it has become possible
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to explore and elucidate on the molecular level the physical
mechanisms and energy-conversion processes operating at real
sliding contacts. The AFM and SFA have proved to be ideal
tools for nano-, micro-, and macroscopic tribological experiments33-38 for measuring both normal and lateral forces between
(i) a nanometer-radius tip and a sample surface, (ii) a micrometersized colloidal probe and a sample surface, and (iii) two
extended molecularly smooth surfaces that confine between
them a lubricant film of known (measurable) thickness and real
contact area. Both wear and wearless friction can be studied on
extended surfaces or model single-asperity junctions. These
experimental advances have enabled the testing of existing
theories of continuum contact mechanics, the Hertz16 and JKR28
theories for nonadhering and adhering contacts, and of establishing relationships between adhesion and friction. Such experiments have also been correlated with recent theoretical advances
where continuum and mean-field theories have become replaced
by atomistic models, usually involving molecular dynamics
(MD) computer simulations.33,39-45
In this paper, we first review and present some new results
on experimental friction data obtained with the SFA and AFM
techniques on a variety of adhering and nonadhering surfaces,
both dry and lubricated, soft and hard, and smooth and rough.
We then present new large-scale MD simulations of two solid
rough (as well as smooth) shearing surfaces with a thin
hydrocarbon liquid film confined between them. The experimental aim was to test the range of applicability of Amontons’
law for widely different systems and length scales, while the
theoretical aim was to establish the reason for its widespread
applicability and to explore whether it holds both at the
macroscopic and local (nanoscopic) levels. We find that the
trends observed in the experiments and obtained through the
theoretical simulations are consistent with each other, although
different materials and conditions were employed in the two
methods of investigations. Interestingly, in the simulations, we
do not find a linear relationship between the friction force and
the normal load at the local level but do find a linear relationship
between F and L (i.e., Amontons’ law) for the time- and spaceaveraged quantities. In addition, the concept of a contact area,
whether “real” or “apparent”, never enters into the picture or
any fundamental equation (e.g., in describing the energy
exchange between colliding molecules), although it may serve
as a convenient scaling parameter for describing the fundamental
parameters, which are the number density of atoms, molecules,
or bonds involved in an adhesive or frictional interaction.
Recent Experiments. In this section, we present experimental
friction data obtained with the SFA and the friction force
microscope46 (FFM) on a variety of adhesive and nonadhesive
systems. We also make comparisons with tribological measurements made on macroscopic surfaces using conventional pinon-disk tribometers. Both the SFA and the FFM can measure
the friction forces at single-asperity contacts, but there is a large
difference in the contact areas and pressures obtained with these
two techniques; the radius of curvature of the undeformed
surfaces in an SFA experiment is typically R ) 0.2-2 cm,
whereas FFM tips typically have radii of R ) 10-300 nm, or
R ) 1-10 µm if a colloidal bead is attached to the end of the
cantilever spring. Within the load range that can be conveniently
reached in the SFA, the maximum pressure in the contact area
is usually less than 0.1 GPa, whereas typical contact pressures
in FFM experiments, even at low loads, are already several
GPa.47 Still, as we shall see, when comparing the sliding of
different (low-adhesion) single-asperity contacts with each other,
and with the sliding of rough or damaged surfaces having many

Figure 1. FFM measurements in ethanol of the friction force F between
bare template-stripped gold surfaces and two unfunctionalized Si tips
of different radii and spring constants. Main figure: R ) 33 nm, µ )
0.42 ( 0.01. Inset: R ) 11 nm, µ ) 0.49 ( 0.02. Sliding velocity: V
) 0.15 µm/s. Adapted from Ruths, M. Langmuir 2003, 19, 6788.
Copyright 2003 American Chemical Society.

contacts, one often finds a linear dependence of F on L,
sometimes even with the same friction coefficient.48 We start
by concentrating on the friction of nonadhering surfaces, for
which eqs 1 and 2 were developed.49 Since it is difficult to avoid
adhesion in air, especially between atomically smooth surfaces,
these were immersed in a liquid such as ethanol (cf. Figures 1
and 2), which significantly reduced the adhesion forces between
the surfaces due to the reduced van der Waals force (reduced
Hamaker constant) and/or oscillatory structural force between
the surfaces in liquids.50
Figure 1 shows the friction force as a function of applied
load of unmodified silicon FFM tips (with a native oxide layer)
sliding on gold surfaces in ethanol.51 The measured interfacial
energy for this system was γ < 2 mJ/m2, which is low when
compared to values of order γ ) 20-30 mJ/m2 for van der
Waals solids (e.g., surfactant monolayers) in air and γ > 1000
mJ/m2 for metallic contacts. In the load range investigated, the
gold surfaces were not damaged during sliding, and despite a
difference in tip radii by a factor of 3, F increased linearly with
L, passing through the origin at low loads, and with a similar
slope (friction coefficient) for both tips. By assumption of a
Hertzian contact for these nonadhesive junctions, the contact
area would vary as A ∝ (RL)2/3, and if the friction were to scale
with the area as occurs for adhesiVe contacts,37,52-54 (cf. Figure
7), the data points in Figure 1 would not fall on a straight line.
Apparently, the chosen condition of low adhesion reduces the
area-dependence of the friction, at least for this range of tip
radii and loads, and one obtains a purely load-dependent friction
force, i.e., Amontons’ equation.
Figure 2 shows the friction force measured with both SFA
and FFM on a system where both sliding surfaces were covered
with a chemically bound benzyltrichlorosilane monolayer (molecular area 0.27 nm2).55 As in the case of Si against gold in
ethanol (Figure 1), very different contact areas and loads still
give a linear dependence of F on L with the same friction
coefficient for comparable systems, and again F f 0 as L f 0.
In the FFM measurements (Figure 2b), the plateau in the data
at higher loads suggests a transition in the monolayers, similar
to previous observations on alkanethiol56,57 and aromatic thiol
monolayers on gold.51 The pressure in the contact region in the
SFA is much lower than in the FFM, and no transitions in the
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Figure 3. SFA measurements on untreated alumina surfaces: smooth,
undamaged surfaces (curve a); and rough, damaged surfaces after
continuous sliding (curve b). Smooth surfaces coated with a monolayer
of octadecyl phosphonic acid (curve c) slide with a higher friction at
low loads than untreated alumina but remain undamaged even after
prolonged sliding, keeping the friction substantially lower than rough
surfaces at high loads. Experimental conditions: sliding velocity V )
0.05-0.5 µm/s, undeformed surface radii R ≈ 1 cm, temperature T )
25 °C, contact pressure range P ) 1-10 MPa, relative humidity RH
) 0% (curves a and c) and RH ) 100% (curve b). Additional points
measured on damaged alumina surfaces at RH ) 0% also fell on curve
b (not shown). Reprinted from Berman et al. Tribol. Lett. 1998, 4, 4348, with permission from Kluwer Academic Publishers.

Figure 2. Friction force between benzyltrichlorosilane monolayers
chemically bound to glass or Si in ethanol (γ < 1 mJ/m2). (a) SFA
measurements where both glass surfaces were covered with a monolayer. Circles and squares show two different experiments: one with
R ) 2.6 cm, V ) 0.15 µm/s, giving µ ) 0.33 ( 0.01; the other with
R ) 1.6 cm, V ) 0.5 µm/s, giving µ ) 0.30 ( 0.01. (b) FFM
measurements of the same monolayer-functionalized Si tip (R ) 11
nm) sliding on a monolayer-covered glass surface at V ) 0.15 µm/s,
giving µ ) 0.30 ( 0.01. Adapted from Ruths, M.; Alcantar, N. A.;
Israelachvili, J. N. J. Phys. Chem. 2003, 107, 11149. Copyright 2003
American Chemical Society.

friction forces or in the thicknesses of the confined layers where
observed in the SFA experiments (and no damage to the
monolayers or the underlying substrates was observed during
the experiments, indicating that the friction was “wearless”).
Despite the more than 6 orders of magnitude difference in
the contact radii, pressure, loads, and friction forces, the
measured friction coefficients obtained with the two techniques
for these similar systems are practically the same. A recent study
of the friction between two covalently bound aromatic thiol
monolayers under conditions of low adhesion (γ ) 1-4 mJ/
m2) showed a similar agreement for the friction coefficients
obtained with FFM tips of very different radii.51 Evidently, this
conclusion can be extended to experiments with the SFA where
R is 5-6 orders of magnitude larger.58
A linear increase in the friction force with load can also be
observed in systems that become damaged during sliding. Figure
3 shows the results of SFA experiments in dry and humid air
using an industrially important surface, alumina (aluminum
oxide, prepared by e-beam evaporation of Al2O3 onto mica
substrates to form a smooth 10-nm-thick film).59 Both untreated
and surfactant-coated surfaces were studied.60 In the case of
smooth surfaces (curves a and c), there is adhesion and the

friction force is nonzero at zero load, but for even slightly
damaged or roughened surfaces (curve b) F becomes directly
proportional to L. From the changing shapes of the interference
fringes, the damage was seen to consist of 3-5-nm-high
asperities on the surfaces, which grew inward from the edges
of the contact zone during continuous sliding until the whole
contact area was uniformly rough. But the roughness remained
“localized”; it did not appear to penetrate further into the
surfaces or spread outward beyond the contact zone.60
The measured values of the friction coefficients of smooth
and rough alumina surfaces as measured by SFA (µ ) 0.07
and 0.48, respectively, as shown in Figure 3) are consistent with
literature values for smooth alumina surfaces sliding under low
loads (µ ) 0.08) and macroscopic, presumably rough, surfaces
sliding in air (µ ) 0.33-0.52), respectively.1 This strongly
suggests that, unless special care is taken, under normal
engineering conditions alumina surfaces slide in the damaged
state with contact occurring through nano-asperities or small
wear particles.
In the alumina experiments shown in Figure 3, the sliding of
smooth, undamaged surfaces was adhesion-controlled: the real
area A is well-defined and well-described by the JKR equation,
F ∝ A at low loads, and F is finite at L ) 0. In contrast, the
sliding of rough, damaged surfaces was load-controlled: the
“real” area of contact A is undefined, F ∝ L, and F ≈ 0 at L )
0. Thus, the introduction of surface roughness and wear particles
results in the effective elimination of the adhesion and, as a
consequence, a major reduction in the friction force at low loads
(since adhesive contact now occurs only between micro- or
nano-asperities) but a significant increase in the friction force
at high loads (since F is now proportional to L rather than A,
which has a weaker dependence on L).
The monolayer-coated alumina surfaces exhibited adhesioncontrolled friction and were undamaged even after prolonged
sliding at high loads corresponding to contact pressures of up
to 10 MPa. In addition to providing a physical barrier against
wear, the hydrophobic monolayers repel humidity and thus
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Figure 4. Friction force F and measured “real” contact area A vs load
L for two undamaged mica surfaces sliding in adhesive contact in dry
air (4, O). The area A between these molecularly smooth surfaces is
well described by the JKR theory even during sliding, and F is found
to be directly proportional to A (O). The vertical dashed line and
downward-pointing arrow show the transition from interfacial (wearless)
friction to friction with wear (b). The sliding velocity was 0.2 µm/s.
The two lowest curves show two mica surfaces sliding past each other
while immersed in a 0.01 M KCl solution (nonadhesive conditions).
The water film is molecularly thin, D ) 0.25-0.5 nm, and the interfacial
friction force is very low for smooth, undamaged surfaces (0). After
the surfaces have become damaged, shown by the vertical arrow (9),
the friction coefficient is ∼0.3, which is similar to that for damaged
surfaces in air (b). Adapted from Homola et al., 1989, 1990, with
permission from ASME publishers.

protect the alumina substrates from embrittlement and chemical
attack by water.
The friction of adhesive and nonadhesive systems before and
after damage are further compared in Figure 4. The top curve
shows SFA results on both the friction forces and the “real”
contact area of smooth, bare (untreated) mica surfaces in dry
air where there is strong adhesion. This system shows an areadependent friction with a high finite F at L ) 0 and even at
negative loads. However, as soon as the surfaces become
damaged, F becomes linearly dependent on L (µ ) 0.33) and
goes to zero at L ) 0.61 The high adhesive friction of the
undamaged surfaces arises from a thin boundary film of organics
and water that adsorb from the air and act as a poor boundary
lubricant (but give a much lower friction force than for bare
mica surfaces in an ultrahigh vacuum).61 This adsorbed layer
is displaced in aqueous salt solution, which dramatically
improves the lubricity of smooth surfaces (lowest curve in Figure
4). The introduction of salt solution also replaces the strong
adhesion between the surfaces with a short-range (1-2 nm)
monotonically repulsive hydration force with a superimposed
oscillatory component. The sliding conditions are therefore
significantly changed, and a linear dependence of F on L is
observed with a purely “load-controlled” friction coefficient of
0.02-0.03.62
In contrast to the localized damage that occurs on brittle
surfaces such as alumina and silica, the damage of layered
materials such as mica rapidly progresses across and beyond
the contact zone as well as deep into the surfaces via delamination. The buildup of debris between the shearing surfaces
eventually forces them apart by 0.1-1 µm. Once such large
damage occurs, it does not seem to matter whether the original
smooth surfaces were in air or in water or untreated or treated.
Thus, in both cases shown in Figure 4, damage of the mica
surfaces gave rise to a similar, load-controlled friction with
similar friction coefficients of µ ≈ 0.3 both in air and in water
(middle two curves). The formation of wear debris and “third
bodies” separating the damaged surfaces precludes the measure-

Figure 5. Measured friction force F (O) and real contact area A (b)
as a function of load L between two molecularly smooth mica surfaces
sliding in 0.5 M KCl solution at T ) 22 °C where the intersurface
forces are short ranged and repulsive (providing a nonadhering system).
The sliding velocity was V ) 0.12 µm/s. The dashed curve through
the data points for A vs L (b) is the theoretical fit to the Hertz equation,
using the measured undeformed radius of the surfaces R ) 0.95 cm
and K ) 4.0 × 1010 N/m2 for the effective elastic modulus of the
substrate materials. Figure adapted from Berman et al. Trib. Lett. 1998,
4, 95-101, reprinted with permission from Kluwer Academic Publishers.

ment or even definition of any meaningful contact area A for
such systems.
The friction forces and contact areas as functions of load of
smooth but nonadhesive mica surfaces were further investigated
in Figure 5. The mica surfaces were immersed in a concentrated
salt solution, a system that eliminates the adhesion and is close
to the one shown by the open squares in Figure 4.63 The applied
pressures during sliding were in the range P ) 0-50 MPa, and
the surface separations were typically D ) 0.2-0.5 nm (lower
values at higher loads), corresponding to one or two molecular
layers of water between the sliding surfaces. The results show
that, over a large range of loads, F varies linearly with L (open
circles) but not with the molecular contact area A. The friction
coefficient was 0.015-0.02 in agreement with the earlier
results.62 We note that this linearity was observed to hold even
as the thickness D of the confined liquid film was changing
with the load. For this nonadhesive case, the contact area is
well described by Hertz theory, whereas for adhesive mica
surfaces, it is well described by the JKR theory (Figure 4, open
circles).
A linear dependence of F on L has also been observed for
mica surfaces separated by hydrocarbon liquids.64 Figure 6
shows the kinetic friction forces measured at high velocities
across thin films of squalane, a branched hydrocarbon liquid
(C30H62), which is also a model for lubricating oils. No adhesive
forces are measured between mica surfaces across this liquid.65
In general, as previously measured for squalane films at lower
loads and room temperature, the film thickness decreased
monotonically with increasing load. In the experiments of Figure
6, the thickness D varied monotonically from D ) 2.5 to 1.7
nm as the load increased from L ) 0 to 10 mN. The contact
area is well described by Hertz theory, and the friction force
increases linearly with load. In addition, the friction force at a
given load, but not the contact area, was found to be velocitydependent.
In an ultrahigh vacuum, certain materials can be brought into
contact without a contaminant film between them, and the
adhesion between two such surfaces, if smooth, can be quite
high. Under such conditions, one can study the unlubricated
(dry) sliding of two bare, strongly adhering surfaces. The friction
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Figure 6. Steady-state friction forces F (b,O,9,0) and contact areas
A (]) vs load L measured with the SFA on a confined squalane film
between two undamaged mica surfaces at two different velocities in
the smooth (non stick-slip) sliding regime. Open symbols (O,0) show
friction force data obtained on loading (increasing L); filled symbols
(b,9) show unloading, all four of which are straight lines passing
through the origin, one of which is shown by the thick line passing
through the (O,b) points. The thin line is a fit of the Hertz equation to
the A vs L data (]) using K ) 1 × 1010 N/m2, R ) 2 cm. The thickness
D varies monotonically from D ) 2.5 to 1.7 nm as the load increases
from L ) 0 to 10 mN. Adapted from Gourdon and Israelachvili, Phys.
ReV. E 2003, 68, 021602/1-10. Copyright 2003 American Physical
Society.

Figure 7. Scanning-induced reduction of adhesion and friction forces
in FFM measurements with a Pt-coated tip in contact with a mica
surface in UHV. After each run, the pull-off force also decreased in
magnitude (not shown), implying a scanning-induced decrease in the
adhesion energy from an initial value of γ ) 404 mJ/m2 on the first
scan (not shown) to γ ) 19 mJ/m2 on the last scan (lowest curve) that
paralleled the decrease in F shown here. The sliding in this system
proceeded by stick-slip with a periodicity of the atomic spacing, and
the friction force shown is the average “critical” or “static” friction
force necessary to induce the slips. Reproduced with permission from
Carpick et al. Langmuir 1996, 12, 3334-3340. Copyright 1996
American Chemical Society.

force between a platinum-coated AFM tip and a bare mica
surface53 (Figure 7) was found to be proportional to the contact
area as predicted by the JKR theory.28 But after repeated sliding
over the same area, the adhesion decreased by more than 1 order
of magnitude as did the friction force, and the curves appear to
converge toward a straight line passing through the origin with
a slope (friction coefficient) of µ ≈ 0.3. The decreased adhesion
and friction was attributed to either structural or chemical
changes at the interface between the tip and the mica, while
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wear of the mica surface or complete removal of the platinum
coating could be excluded.53
Recent Theoretical and Conceptual Developments. MD
Simulations. The MD simulations used in this study involved
numerical integration of the equations of motion employing a
simulation cell of lengths Hx, Hy, and Hz along the Cartesian
coordinate axes. The cell contains both liquid molecules (the
lubricant) and solid blocks (the surfaces), with periodic boundary
conditions replicating the entire simulation cell in the two
directions (x and y) parallel to the surfaces. The distance
separating the two surfaces in the z direction defines the gap
width D. In our simulations, the solid surfaces were modeled
as flat gold (111) planes or as rough gold surfaces (see below).
In the x and y directions, the solid blocks extend throughout
the whole simulation cell, and in simulations of shear motion
the two solids are translated in opposite directions to each other
along the y axis. In the current study, the lengths of the solid
blocks in the x and y directions were 200 Å for the flat surface
confinement and 196 Å and 204 Å, respectively, for the rough
confinement. The gap is filled with liquid n-hexadecane
molecules (the simulated bulk lubricant is a liquid66 at 298 K),
and a typical simulation involved 600 molecules. In simulations
of a particular system, the number of molecules does not vary
for different applied normal loads and during shear motion.
Inside the gap, i.e., between the two solid surfaces, the alkane
molecules are confined as a thin film with an average thickness
D ranging in the present study between ∼8 and ∼11 Å. The
hexadecane molecules were treated dynamically, while in most
of the simulations, the gold atoms of the solid substrates were
kept in their relaxed equilibrium positions. For the case of
hexadecane molecules interacting with their full interaction
potential with the gold surfaces (that is, including adhesive
interactions between the lubricant molecules and the confining
solid surfaces), we have verified that the results are essentially
insensitive to the dynamics of the gold atoms. The hexadecane
molecules are represented by the united-atom model, without
rigid constraints; the interaction potentials include bond-bending,
dihedral angle hindered rotations, and nonbonding intramolecular and intermolecular interactions. These molecular interaction
potentials, as well as the 6-12 Lennard-Jones (LJ) interactions
between the molecular segments and the gold atoms, have been
described by us previously.67 Many-atom embedded-atom
potentials were employed in simulations where the gold surface
atoms were treated dynamically.68 We also remark that, in order
to model the systems with nonadhesiVe interactions between
the lubricant and solid surfaces, the attractiVe portion of the LJ
potential between the wall atoms and the fluid molecules was
removed.69
In these MD simulations, the phase-space trajectories of the
system were generated through solutions of the atomistic
equations of motion using the Verlet algorithm70 and a numerical
integration time step of 3 fs, with the temperature of the system
controlled via the method described by Berendsen et al.;71 the
temperatures in the simulations were taken as either 300 or 350
K as indicated, which allowed the systems to equilibrate in a
reasonable amount of computing time (in most of the analysis
discussed below we treated data recorded in MD simulations
performed at 300 K).
Preparation and Characterization of Rough Surfaces. To
prepare atomically rough surfaces, we developed previously72
the following procedure: (i) First, an equilibrated (at 350 K)
solid gold slab (replicated in the x and y directions through the
use of periodic boundary conditions) made of eight crystalline
layers treated dynamically, and two additional bottom static
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Figure 8. Rough gold surfaces separated by (a) vacuum and (b) hexadecane molecules.

Figure 9. Hexadecane segmental density profiles, plotted as a function of distance along the axis normal to the solid planes (z) for selected values
of the applied normal load. The left panel corresponds to the case of nonadhesive rough surfaces. The middle and right panels correspond, respectively,
to adhesive rough and adhesive flat surfaces.

layers stacked as a face-centered-cubic crystalline solid and
exposing the (110) surface, was heated to a temperature of 1100
K, resulting in melting of the top few layers of the solid. (ii)
After equilibration of the system at 1100 K, it was rapidly cooled
(quenched) to 350 K in 200 ps and then equilibrated at 350 K
for an additional period of 300 ps. This procedure was applied
separately to both the top and bottom confining slabs in order
to create two uncorrelated rough surfaces.
Side views of the rough surfaces obtained through the
preparation procedure described above are shown in Figure 8,
with an empty gap in Figure 8a and a thin slice through the
fluid-filled gap in Figure 8b. It is important to note that the
topography of these randomly rough surfaces differs from the
periodically ordered corrugations of atomically flat crystalline
surfaces. The degree of effective roughness of the surfaces has
been quantified by using the recorded height values (z),
determined as described in ref 72, for evaluation of the lateral

height-height correlation function C(R) ) 〈z(R)z(0)〉, which
correlates the surface heights (measured from a reference plane)
between a site taken as the origin at (0,0) and a site at R )
(xi,yi). The angular brackets denote an average over the origins
of R on the xi-yi grid, and R (<100 Å) is less than half the
length of the confining solid surfaces in the x and y directions.
From an exponential fit of e-R/lc to C(R), we obtained a
correlation length of lc ) 6.9 Å, which characterizes the
roughness of the surfaces created by the procedure described
above as short ranged; we also note that flat regions extending
more than several atoms in size are rarely found on these rough
surfaces. The root-mean-square deviation of the heights for each
of the rough surfaces is 1.1 Å and that of the gap-width is about
1.6 Å.
Profiles of the density of the liquid lubricant recorded in
equilibrium (T ) 350 K) at several external loads for the
lubricant confined by the rough surfaces and flat Au(111)
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Figure 11. Distribution of the interaction energies (Eb) between the
hexadecane molecular segments and the adhesive gold surfaces,
calculated for a normal applied load L ) 308 nN. The solid and dashed
lines correspond to the rough and flat surfaces, respectively.

Figure 10. Top view of molecular arrangement in the interfacial region
in contact with the solid surface. The top panel corresponds to the rough
surface junction, and the bottom panel shows ordered domains
corresponding to the flat surface junction. In both cases, the results
are for adhesive interaction between the hexadecane molecules and the
gold atoms.

surfaces with adhesive interaction between the hexadecane
molecules and the metal atoms are displayed, respectively, in
the middle and right panels of Figure 9. Comparison of these
profiles shows formation of well-defined layers of the lubricant
in the flat surface case and an essentially uniform distribution
of the molecular segments in the gap between the rough surfaces.
The density profiles for the case of rough confining surfaces
with nonadhesive interactions between the surface atoms and
the lubricant molecules show (see left panel in Figure 9) similar
behavior to that exhibited in the adhesive rough surface case
(middle panel in Figure 9).
In the case of the junction with flat Au(111) confining
surfaces, the aforementioned formation of well-defined layers

is accompanied by a high degree of intralayer order, characterized by domains composed of hexadecane molecules all lying
in the plane of the surface, with the molecules in each domain
being oriented parallel to each other (see Figure 10, bottom
panel). In contrast, for the case of rough confining surfaces
(adhesive or nonadhesive), neither layering normal to the
(nominal) surface plane nor intermolecular orientational ordering
occur (see Figure 10, top panel).
The structural heterogeneity of the confining surfaces is
portrayed in the distribution of interaction energies between the
alkyl (as well as end CH3) segments of the hexadecane
molecules and the surface atoms, with the one corresponding
to the flat Au(111) being rather sharply peaked (see dashed line
in Figure 11), while the energies corresponding to the rough
confinement are distributed broadly (see solid line in Figure
11). As discussed by us elsewhere,72 the energetic heterogeneity
of rough-surface confinements in adhesive lubricated junctions
prevents interfacial shear slip at the solid-liquid interfaces. In
that work, it was argued that interfacial shear slip is inhibited
under the above conditions by the inability of different regions
of the confined interfacial liquid to respond collectively (and
coherently) to the stress applied by the sliding solid surface.
Direct Analysis of the MD Simulations. By use of the
methodology described in the previous two sections, simulations
were performed for systems where the interaction between the
alkane molecules and the confining surfaces are either nonadhesive or adhesive. Results for the total friction forces F (that
is the force required in order to maintain a constant sliding
velocity) as a function of the total applied load L for the two
systems with rough confining surfaces are displayed in Figures
12 and 13, respectively. In both cases, the relative sliding
velocity between the confining surfaces is V ) 1 m/s. For the
nonadhesive system, we also performed a series of simulations
at a load of L ) 615 nN and 300 K and found an almost constant
friction force (of about F ) 54 nN) in the range V ) 0.2-5.0
m/s, with a small decrease in F below 0.5 m/s, falling by about
9 nN at V ) 0.2 m/s, as shown in Figure 14. Similar nearly
velocity-independent friction forces are often observed between
boundary-lubricated (monolayer-coated) surfaces, exhibiting a
similar drop in F at low V.55
For both the nonadhesive and adhesive cases, a linear
relationship is found between the friction force and the applied
load, except at the lowest loads, with a friction coefficient at
350 K of µ ) 0.096 for the nonadhesive system (Figure 12)
and µ ) 0.14 or 40% higher for the adhesive one (Figure 13).
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Figure 12. Total “macroscopic” friction force, F, plotted as a function
of the total normal load, L, for rough nonadhesive surfaces lubricated
by hexadecane molecules as shown in Figure 8b. For both temperatures,
T ) 300 and 350 K, the sliding velocity is V ) 1.0 m/s. The quoted
friction coefficients µ are defined by the slopes of the lines.

Figure 13. Similar to Figure 12 but for rough adhesive surfaces.

Figure 14. Dependence of the friction force on the sliding velocity,
obtained from MD simulations of a hexadecane film lubricating the
junction between nonadhesive rough surfaces at 300 K, under a load
of 615 nN.

We also note that at the lower temperature of 300 K the
nonadhesive friction coefficient is unchanged but that the
absolute values of the friction forces are larger; i.e., a higher
energy is spent to maintain a prescribed sliding velocity.
In the case of the nonadhesive system, we observe that the
line describing the linear relation between the friction force and
the load does not extrapolate back to the origin but curves
toward F ) 0 as L f 0 due to wall slip at low loads (Figure
12). This type of limiting behavior was previously shown73-75
to be due to the repulsive force-distance function between the
“nonadhering” surfaces, which results in a viscous limit where
the trapped film remains of finite thickness and behaves like a
Newtonian liquid as L f 0. In contrast, for the adhesive system
(Figure 13), there is a finite friction force even for zero load,

Figure 15. Similar to Figure 12 but for atomically smooth (crystalline)
surfaces. Results for an adhesive junction are shown in (a), and those
for a nonadhesive junction are shown in (b).

indicative of JKR behavior.28 Similar results (not shown here)
were obtained when the surface gold atoms were treated
dynamically instead of statically. From these results, we
conclude that the dynamics of the surface gold atoms does not
influence the results of our simulations, and consequently, we
have not considered these degrees of freedom in the rest of our
simulations.
In contrast to the rough surfaces shown so far, we show in
Figure 15 the results of simulations for sliding of two atomically
flat crystalline (111) surfaces of gold lubricated by a thin hexadecane film. The results for an adhesive junction are shown in
panel (a), and for a nonadhesive one, the results are displayed
in panel (b). We note the exceedingly small friction coefficients
of µ ) 0.004 and 0.002, respectively. Here, wall slip occurs
for all values of the load studied by us; furthermore, in the small
load regime (F < 50 nN in Figure 15a and F < 250 nN in
Figure 15b), an essentially vanishing friction force is found, as
in the nonadhesive case of rough surfaces discussed above (see
Figure 12). Such behavior (i.e., wall slip) appears to be
characteristic of atomically smooth surfaces and is related to
the ordering of the lubricant molecules between two such
interfaces.72
Since the boundary conditions at the solid-liquid interface
strongly influence the frictional response, we further explore
the dynamical nature of the lubricant response to shear motion
of the confining surfaces and particularly issues pertaining to
the dependencies of the degree of wall slip on the structure of
the solid surfaces and on the interactions between the lubricant
molecules and the surface atoms. To this aim, we display in
Figure 16 the time variation of the average displacement ∆ of
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Figure 16. Average segmental displacements, ∆, for the two interfacial
regions of the confined hexadecane film (one near the upper surface
and the other near the bottom surface), plotted vs time during shear
simulations of rough-surface junctions. Results are displayed (a) for
the nonadhesive junction at the three indicated loads and (b) for the
adhesive junction at three load values. The confining solid blocks move
at a constant relative velocity of 1 m/s, and the solid straight lines
correspond to the displacements of the top and bottom confining solid
blocks which move in opposite directions.

molecular segments in the interfacial regions of the film,
recorded for various values of the external load. These results
were obtained through sliding simulations (V ) 1 m/s at 350
K) for the nonadhesive (Figure 16a) and adhesive (Figure 16b)
rough-surface junctions, respectively. The solid lines in this
figure describe the displacement of the confining gold boundaries (translated at a constant velocity with respect to each other).
For the nonadhesive junction, pronounced wall slip is
observed throughout the confined lubricant film for the entire
range of load shown in the figure. This correlates with the weak
coupling between the confining boundaries and the lubricant,
resulting in weak momentum transfer between the two during
sliding. The propensity for wall slip is seen to be smaller for
the adhesive junction (Figure 16b), increasing as the load is
increased. The weak wall slip (i.e., near-stick behavior) observed
for the lowest load values reflects the aforementioned spatial
and energetic heterogeneity of the interactions between the
molecular segments and the surface atoms, which inhibits
collective displacements involved with slip motion. As a result,
in the small load regime sliding occurs in the interior of the
lubricant film and not at the film-solid interface. On the other
hand, for high loads, the resistance to sliding inside the film
increases and a higher degree of wall slip emerges. We note
here that, for the same velocity and temperature conditions and
adhesive interactions, shear simulations of thin hexadecane films
confined by flat crystalline surfaces (e.g., Au(111)) yield total
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wall slip for all load values as a consequence of the spatial
homogeneity of the interaction energy between the molecules
and the confining surfaces.
The direct analysis that we have applied above to the recorded
MD results shown in Figures 12-16, yields information that
will be treated in the following section as “theoretically
generated empirical data”; we will refer to it as “macroscopiclevel” data, since it corresponds to information obtained via
averaging over the whole system (of length . lc) and over the
entire simulation time interval (typically, several nanoseconds,
which is of the order of 106 integration time steps for each value
of the externally applied load). To gain insights into the
relationships between the molecular level frictional forces and
those measured on the macroscopic scale, we perform in the
following section a “local” analysis of the information recorded
along the dynamical trajectories generated in the MD simulations. In this analysis, the nanoscale information (in space and
time) is not coarse grained, thus maintaining molecular-level
resolution, allowing exploration of various tribological relations,
e.g., between the local (nanoscale) friction force and load, and
how this relates to the macroscale dependencies, such as
Amontons’ equation.
Local-Load and Friction-Force Analysis. The local analysis
that we describe below treats the results obtained from MD
simulations performed, as described above, for specified values
of the normal load, L, applied to the top solid surface (in this
context, we regard this as the macroscopic load); the position
of this surface varies dynamically so that the force on the surface
arising from the confined molecule-wall interactions fluctuates
about L. The top surface is binned into 6 Å × 6 Å square “tiles”,
each of which defines a “local” domain of the surfaces in which
the instantaneous and time-averaged (local) normal and shear
(friction) forces, l and f, are recorded (for each tile) at 6-ps
intervals.76 The 6-Å edge length of the tiles was chosen to
approximate the height-height correlation length, lc, characteristic of the rough surfaces (see the section about preparation
and characterization of rough surfaces). The general nature of
our results and conclusions do not change as long as the length
scale of the tiles is small enough that it does not average out
the effect of the surface roughness.
By computing such short time averages (of l and f) for a range
of applied (macroscopic) normal loads, L, the statistical properties of the local forces and the manner in which they manifest
themselves at the macroscopic scale could be explored. As a
starting point, we compute for each value of the applied load L
the probability density P(l;L) for finding a local normal load
with a value l. This is done in Figure 17a for the case of n )
1025 tiles within the lubricated rough nonadhesive junction.
Additionally, we compute the local friction force f as a function
of the local load l, shown in Figure 17b. The average value of
the local friction force hf may be expressed as

hf (L) )

∫ f(l;L)P(l;L) dl

(5)

The corresponding average value of the local normal load hl can
be written as

hl (L) )

∫ lP(l;L) dl

(6)

Figure 17a shows that the local normal force distribution is
rather broad (recall that the highest applied total load used in
the MD simulation when divided by the number of tiles n is
about 0.8 nN), and that it exhibits a long tail. Significantly, the
variation of the local friction force f as a function of the local
normal force l is approximately parabolic for small loads (in
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comprised, typically, of a small area of the surface (including
its morphological heterogeneities) and the confined lubricant
molecules, which are in a state of stress due to the relative
motion of the confining boundaries. Sliding motion occurs when
the molecular-scale free-energy barriers associated with the local
regions are overcome. There is a spectrum of such activation
barriers since both the surface morphologies and molecular
conformations vary from one local region to another. The WD
samples all of the molecular-scale barriers and associated barrier
heights. With this identification, we may interpret PWD(l) as
the fraction of sliding barrier heights that are oVercome for
local normal loads that are smaller than l. Accordingly, the
local friction forces, f(l) (i.e., the friction force averaged over
all the local regions having a normal load l), are directly
proportional to the fraction of surpassed barriers for sliding as
given by the WD

f(l) ) f(∞)PWD(l)

Figure 17. (a) Probability density P(l) of the local normal load, l, for
rough nonadhesive surfaces at a total normal applied load of L ) 513
nN. The solid lines were recorded in MD simulations, and the dashed
line is a gamma function fit to the data. The simulation was done at
300 K. (b) The local friction force f, as a function of the local normal
load l. The dashed line is a fit to the data using the Weibull cumulative
distribution function. The results for other values of the total applied
load are of similar form as those shown here for the particular chosen
normal load value.

particular, see Figure 17b for l < 1 nN); i.e., it is nonlinear and
it does not obey Amontons’ law. Similar results were obtained
for all the other L values and also for adhesiVe rough-surface
junctions (see below).
We now attempt to obtain an analytical description of the
local quantities introduced in the above analysis and apply them
first to the case of the rough-surface room-temperature nonadhesive junction. We have found that a shifted gamma distribution
provides an adequate fit to the normal force local distributions
up to the highest loads, at which point the exponential tail of
the gamma distribution decays faster than the observed distribution (see Figure 17a). The gamma distribution may be expressed
as77

pg(x) )

1 x - s c-1
s-x
exp
b
bΓ(c) b

( )

( )

(7)

where s, b, and c are the shift, scale, and shape parameters. In
our case s ) -0.054 nN, c ) 3.5, and b(lh) ) 0.018 + 0.26lh ,
with b and hl in units of nN.
The shape of the local friction force f plotted in Figure 17b
vs the local normal force l, obtained from analysis of the MD
data for a given value of L, has lead us to consider a particular
probability distribution, namely, the Weibull distribution (WD).
The WD originated as a tool for studies of the statistical
distribution of the strengths of materials in which failure of the
weakest component leads to complete failure of the material,
and it is now used extensively in a wide range of fields where
failure rates and lifetimes are important.78 The WD function,
PWD(x), defined below by eq 9, gives the fraction of samples
that are expected to fail for stresses less than x. In our case,
each of the “components” may be identified with a local region

(8)

where f(∞) is the local limiting friction force for large local
loads (see Figures 17b and 19). The constant-velocity sliding
mode of the solid surfaces in our simulations implies that all
the barriers for sliding have been surpassed at any given time
(although not simultaneously) and re-established as sliding
proceeds. This is consistent with the above discussion pertaining
to the relation between f(l) and PWD(l) when we observe that
all the sliding barriers can indeed be surmounted with the full
spectrum of local loads found in the junction (which extends
to large values of the local load).
The cumulative distribution function of the two-parameter
WD (we find that a shift parameter is not necessary for
describing our results) is given by

PWD(x) ) 1 - exp[-(x/B)m]

(9)

Here, B is a scaling parameter, and m is often referred to as the
Weibull modulus, or the Weibull exponent.
Returning to the local analysis of our MD results, we note
that the plot of f vs l shown in Figure 17b has the appearance
of a cumulative probability distribution, with high normal loads
associated with a limiting value of the local friction force. In
fact, the WD fits these curves extremely well for all the values
of the applied loads used in the simulations. For example, using
f(∞)PWD(l) to fit the local friction force f(l;L) calculated as
described above for L ) 513 nN, we obtain the fit shown by
the dashed line in Figure 17b. The WD parameters used in our
analysis of the nonadhesive junction were f(∞) ) 0.378 nN, m
) 2.4, and B(lh) ) 0.85 + 1.11lh, with B and hl in units of nN. As
a test of the quality of the analytical description of the local
analysis, we use the above functional forms in eqs 5 and 6, and
the results are shown in Figure 18 (points marked by stars). It
is evident that our analysis predicts a highly linear relationship
between the (temporally and spatially) aVeraged local friction
force and the aVeraged local normal load.
The above local analysis was also applied to adhesive
junctions (see Figures 13 and 15). Since for the case of a
junction with flat crystalline surfaces the friction forces are
exceedingly small for the range of sliding velocities used in
our MD simulations, we focused on junctions of rough adhesive
surfaces. The results of our analysis are shown in Figure 19,
where a WD is again shown to fit the local friction forces
(dashed line in Figure 19b), and the local normal force
probability distribution is found to exhibit similar characteristics
to that discussed above for rough nonadhesive junctions
(compare the panels marked (a) in Figures 17 and 19).
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3. Discussion and Conclusions

Figure 18. Averaged (spatially and temporally) local friction force hf
for nonadhesive rough surfaces plotted as a function of the average
local normal load hl, calculated as described in the text. The circles are
the simulation results. The stars are fits of the Weibull cumulative
distribution function. The solid line gives a linear fit to the simulation
results with a slope (friction coefficient) of 0.10.

Figure 19. (a) The continuous curve shows the probability distribution
of the local normal loads, P(l), for rough adhesive surfaces with a total
normal load of L ) 307 nN. The dotted curve is the result of a
simulation for adhesive atomically smooth crystalline gold (111)
surfaces. (b) Simulation results of the local friction force, f, as a function
of the local normal load, l. The dashed line corresponds to a fit to the
data by a Weibull cumulative distribution function.

Figure 19 also shows our results for the flat crystalline
adhesive junction (dotted curves in both panels), where we note
that for this type of junction the local normal force probability
distribution is comparatively narrower, with a much shorter tail,
reflecting the fact that in the absence of morphological roughness
the only remaining sources of heterogeneity that give rise to
the broadening of the probability distribution function are the
spatial and temporal variations of the conformations of the
confined fluid molecules; for flat, but structured, crystalline
surface junctions, these are limited by the ordering of the alkane
molecules between the shearing surfaces.

Comparison of Theory and Experiment. The focus of this
article has been mainly on the origin of the coefficient of friction
µ of nonadhering surfaces or junctions, where both theory
(computer simulations) and experiment show that Amontons’
law, eq 1a, F ) µL, is surprisingly accurate. This 400-year-old
law has had a number of previous continuum models,3 all of
which are model and system dependent, for example, depending
on some chosen surface roughness, asperity deformations, and
energy-dissipating mechanisms. And yet experiments have
shown that eq 1 holds for very different systems and, even for
the same system, the same friction coefficient is measured in
SFA and AFM experiments where the length scales (e.g.,
junction size or slider-tip radius), contact areas, and pressures
can differ by more than 6 orders of magnitude. The MD
simulations presented here and in other recent work72-75 show
trends that correspond to, and are consistent with, experiments;
specifically, the simulations predict a constant µ and yield values
that are close to the observed ones. This correspondence is
particularly significant in light of the different materials, systems,
and conditions used in the experiments and in the theoretical
simulations.79 The picture that emerges from the analysis of the
simulations presented in this paper is different from the earlier
theories that are essentially “mechanical” rather than “thermodynamic”. There is also good qualitative agreement for the more
complex case of adhering surfaces, which we discuss below
after we complete our analysis of nonadhering surfaces.
Tribological Ergodicity. For systems at thermodynamic
equilibrium, such as a gas, a calculation of their mean properties
requires that each molecule be allowed to sample the whole
system. This means that a certain (strictly infinite) time is
required if the averaging is to be thermodynamically or
statistically correct. Alternatively, the averaging can be done
over a finite time, but then a very large (again strictly infinite)
number of molecules or “tiles” must be analyzed. This is the
meaning of “ergodicity” for a system at equilibrium. The
resulting properties, such as the mean velocity of the molecules,
are generally extremely sharp and well defined, even as the local
or instantaneous values vary widely in space and time.
For systems that are not at equilibrium, such as a tribological
system, mechanical energy is continually being supplied to
maintain a certain motion, which, in the steady state, is converted
into heat at a fixed rate.80 The MD simulations show that here,
too, a kind of “dynamic” ergodicity applies; thus, when averaged
over the whole (macroscopic) junction,81 mechanical energy is
converted to heat at a steady rate, but locally at any instant, the
properties are far from the mean steady-state values. The MD
simulations further suggest that the local compressions and
expansions of the film molecules may be likened to miniature
compression-decompression cycles that are only partially reversible. Essentially the same mechanism may be occurring for
deformable asperities in the absence of a lubricating film (i.e.,
for dry contacts). This irreversibility determines the energy
transferred and, ultimately, the friction force.82 However, each
asperity or surface segment (here referred to as a “tile”)
experiences a different instantaneous force, and if the tile is
too small, its time-averaged friction force will be different from
the system average. For example, a valley on a rough surface
may never see an asperity of another surface and may therefore
never experience a friction force. Its contribution to the overall
friction will therefore be small or zero. In contrast, the top of
an asperity may contribute well above the average. Thus, even
in the steady state, the local tribological parameters fluctuate
widely, are largely uncorrelated, and may not even average out
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Figure 20. Simple schematic illustration of the most common
molecular mechanism leading from smooth to stick-slip sliding in terms
of the efficiency of the energy transfer from mechanical to kinetic to
phonons. The potential energy of the corrugated surface lattice is shown
by the horizontal sine wave. Let the depth of each minimum be , which
is typically >kT. At equilibrium, a molecule will “sit” at one of these
minima. When the molecule is connected to a horizontal spring, a
smooth parabolic curve must be added to the horizontal curve. If this
spring is now pushed or pulled laterally at a constant velocity V, the
sine curve will move like a wave along the parabola carrying the
molecule up with it (toward point A). When the point of inflection at
A is reached, the molecule will drop and acquire a kinetic energy greater
than  even before it reaches the next lattice site. This energy can be
“released” at the next lattice site (i.e., on the first collision), in which
case the processes will now be repeated; each time the molecule reaches
point A, it will fall to point B. The stick-slip here will have a magnitude
of the lattice dimension and, except for AFM measurements that can
detect such small atomic-scale jumps,90,91 the measured macro- and
microscopic friction forces (see bottom figure) will be smooth and
independent of V. If the energy dissipation (or “transfer”) mechanism
is less than 100% efficient on each collision, the molecule will move
further before it stops. In this case, the stick-slip amplitude can be large
(point C) and the kinetic friction Fk can even be negative in the case
of an overshoot (point D).

to the system average. However, for tiles above a certain
dimension lc or area l2c , their individual time-aVeraged values
are the same as for other tiles, obeying Amontons’ equation,
and the same as for the macroscopic system. Similarly, for a
large enough number of tiles, their instantaneous but spaceaVeraged values are the same as those of the macroscopic
system. The tribological system is thus ergodic-like, exhibiting
well-defined average values, just like a gas, except that it is
dynamic rather than at equilibrium.
An additional finding (conjectured here on the basis of most
recent simulations),83 and one that agrees with Amontons’ law,
is that, for nonadhering surfaces above a certain low load, the
coefficient of friction is independent of the detailed nature of

surface roughness that determines the critical tile dimensions
lc, even as each tile is topologically different from the next. In
our MD simulations, lc was small, less than 1 nm.
Origin of the Constancy of the Friction Coefficient. The
apparent universality of the friction coefficient is not easy to
explain even as both centuries-old experiments and, now, MD
simulations show this to be the case. Again using the analogy
of a gas, we seem to have a situation where many locally random
or chaotic events give rise to a highly predictive phenomenon,
exhibiting sharply defined properties (albeit with fluctuations
in space and time which are again analogous to systems at
equilibrium). Just as the Boltzmann distribution is a powerful
tool for describing classical systems at equilibrium, the WD,
eqs 8 and 9, serves a similar purpose for dynamic systems that
involve a continuous making and breaking of multiple bonds.
This distribution was found to properly account for the local
forces and, when integrated, the constant friction coefficient
predicted by the MD simulations. It is important to remark that
the use of the WD is a matter of convenience; other probability
distribution functions may also be applicable, with the requirement that they exhibit a long tail in order to predict Amontonslike behavior at the macroscopic scale.
The friction coefficient for nonadhering surfaces has often
been attributed to the work done against the externally applied
load by the “top” surface as its asperities climb over the
asperities of the “bottom” surface. The mean asperity slope θ
then gives the friction coefficient as µ ) F/L ) tan θ. This is
the basis of the Coulomb and Cobblestone models.4,11,48 In
contrast, the Bowden-Tabor and Greenwood-Williamson models
consider the plastic or elastic deformations, respectively, of
sheared asperities to derive Amontons’ law.14,15,18 With regard
to molecular-level mechanisms of frictional processes, the MD
simulations indicate that, while the above approaches may serve
as useful phenomenological models, the spatial and temporal
fluctuations revealed by the simulations are too large to be
modeled in terms of semistatic macroscopic-like particles
moving past each other.
Stick-Slip Friction. Our discussion has focused on smooth
sliding. In many cases, sliding proceeds via stick-slip, which
arises when the slope of the friction force-velocity curve is
negative. In this regime (as opposed to the smooth-sliding
regime), one cannot define a friction coefficient because the
maxima and minima of the stick-slip spikes (often referred to
as the static and kinetic friction forces, Fs and Fk, respectively)
depend on the inertia (mass and stiffness) of the system or
measuring apparatus. Figure 20 illustrates how stick-slip arises
at the molecular level and how the magnitude of the spikes
depends on the energy-dissipating processes between the
molecules of the colliding surfaces. Stick-slip friction cannot
be described by simple equations, and it requires a complex
theoretical analysis (for example, involving rate-and-state equations, see, e.g., ref 84) and/or simulation,43,48,84 which is outside
the scope of this review.
Adhesion-Controlled and Load-Controlled Friction. Previous experiments have shown that in general the friction force
can be split up into separate and additive (external) loaddependent and (internal) adhesion-dependent contributions.
Thus, for nonadhering surfaces, the friction force is given by
Amontons’ law, F ) µL, independently of the contact area A,
while for adhering surfaces, there is an additional contribution
that is proportional to the “real” molecular contact area (see
Figure 21). This contribution exists at zero and even negative
loads so long as the surfaces remain in contact over a finite
area (see ref 48, Figure 9.17). Strictly speaking, however, the
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Figure 21. Difference in the local distribution of the external total
applied load or normal adhesive force between load-controlled nonadhering surfaces (A) and adhesion-controlled surfaces (B). In the
former case, the total friction force F is given either by F ) µL for
one contact point (left side) or by F ) 1/3µL + 1/3µL + 1/3µL ) µL for
three contact points (right side). Thus the load-controlled friction is
always proportional to the applied load, independent of the number of
contacts and of their geometry. In the case of adhering surfaces (B),
the effective “internal” load is given by kA, where A is the real local
contact area, which is proportional to the number of intermolecular
bonds being made and broken across each single contact point. The
total friction force is now given by F ) µkA for one contact point (left
side), and F ) µkA1 + µkA2 + µkA3) ) µkAtot for three contact points
(right side). Thus, for adhesion-controlled friction, the friction is
proportional to the real contact area, at least when no additional external
load is applied to the system.

adhesion contribution is not proportional to the area but to the
number of interatomic or intermolecular bonds that are broken
and reformed when the surfaces slide laterally past each
other.63,85-87 The number of bonds is directly proportional to
the contact area when the surfaces are perfectly smooth, when
this area is referred to as the “real” contact area. For two
perfectly flat, molecularly smooth surfaces, the “real” contact
area is the same as the projected or “apparent” contact area.
However, for rough surfaces, the real area of contact can be
well below the apparent area (when the surfaces are hard) or
well above it (when the surfaces are soft). These effects can
give rise to adhesion and friction forces that can be orders of
magnitude lower or higher than for molecularly smooth
surfaces.88
Again, the phenomenological observation of a neat separation
of the friction force into load-dependent and adhesion-dependent
terms48

F ) µL + σA

(10)

is not borne out by the MD simulations, which do not show a
simple separation between nonadhesive and adhesive contributions even though the overall F vs L curve (see Figure 13) is
similar to the one expected to result from the assumption of
two separate and additive contributions. However, as the
simulations and eq 10 show, at very low loads (L f 0), the
second term begins to dominate even when it is small. For
adhesive surfaces, this gives rise to a positive offset in the F vs
L curve (cf. Figure 13), while for repulsive surfaces, it gives
rise to a negative offset (cf. Figure 12 and refs 73-75). In the
case of a liquid film trapped between the two surfaces, the shear
stress σ is given by σ ) (viscosity)(sliding velocity)/(film
thickness) where the film thickness will now also depend on

the load L (this regime is commonly referred to as the
hydrodynamic lubrication regime). Only for a hard-wall repulsion will the offset be (theoretically) zero. At the opposite
extreme of very high loads, since A ∝ L2/3 for both JKR and
Hertzian contacts, the first linear term in L eventually dominates
even for adhesive systems, as observed experimentally.48
Meaning of the “Real”, “Apparent”, or “Projected”
Contact Areas. The idea that the real contact area is an
important or fundamental parameter that must be the starting
point of any model of adhesion or friction has been the cause
of much unnecessary confusion. Our MD analysis, which has
been applied to both nonadhesive and adhesive junctions, does
not involve the concept of an “area of contact” at any stage of
the simulation. This may appear surprising, given that the area
of contact (real or apparent) has always been a central parameter
of models of friction. Likewise, the variation of the contact area
with the applied load, as encapsulated in the Hertz and JKR
theories (for nonadhering and adhering surfaces, respectively),
has been central to models of adhesion, and both of these
theories are commonly used to explain various tribological
observations, including the linear dependence of the friction
force on the applied load.
At the fundamental molecular level, the issue is simple; for
clarity, let the intermolecular interactions are modeled in terms
of some pair potential, such as the LJ potential w(r) ) 4[(σ/
r)12 - (σ/r)6], where the atomic or molecular diameters are
determined by the separation r at which the energy w(r) is a
minimum, e.g., rmin ) 21/6σ ) 1.12σ and w(rmin) ) - for the
LJ potential. At the molecular level, the “contact area”, e.g.,
between two atoms or molecules, is an undefined and unnecessary quantity. However, when calculating the interaction
between two surfaces composed of molecules of known surface
coverage (number density Γ ≈ 1/σ2 molecules/m2), one may
sum the interactions between all the molecules and then express
the result in terms of an energy per unit area.50 The “apparent”
area of contact is therefore an acceptable parameter only when
shear/slip occurs at a molecularly smooth interface where the
number of interatomic or intermolecular bonds, contacts, or
collisions per unit area is proportional to this area, in which
case it can be associated with the “real” area. The apparent or
projected area is therefore seen to be merely a convenient scaling
parameter; the fundamental parameter is always the number or
density of atoms, molecules, or bonds.89 Even then, this density
fluctuates enormously in both space (position) and time, this
being one of the main messages of the article.
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