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Homework #3 Solution
|

Statistical Mechanics,

A
\/! Problem 1
Consider an ideal quantum gas of Fertmi particies at a temperature T.

{a] Write the probability p(n)- that there are_n perticles in a given single
particle state as a function of the mean occupation number, (n).

(b) Find the root-mean-square fluctuation {{(n — (n})?}!/? in the occupation

number of a single particle state as o function of the mean occupation
number {n}. Sketeh the result.

Solution

{2} Lel ¢ be the energy of a single pariicle state, u be the chemical potential,
The partition function is
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The mean occupation number is
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The probability is
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(b) (tn— () = kT
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So we have {(n ~ ()42 = /(1 - @)

"T'he result is shown in the figure.
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The density of states i3
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Solution

{a) By the Fermi distribution, the probability for & level ¢ to be oceupied is
H
PO = aeay
50 the probability for finding an electron at (=p+Ais
1
5 4+ 1
and the probability for not finding electrons at ¢ =

Plu+ A} =

# — & is giveg by
1

]—F(p—A]=35&+l.

The two probabilities have the same valug es required.

(b} When T > 0 K, some electrons with ¢ < 0 will be excited to states of
¢ > ¢g. Thai is to say, vacaucies are produced in the some states of ¢ «

while some electrons Occupy states of ¢ > ¢;. The nwnber of electrons
with € > ¢, is givan by
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The number of vacancies for ¢ < 0 is given by
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By e = ny, we have u = €g/2 when a = b. We also obtain the equation
to determine 4 when o # b,

i

a  efleteo—u) +1
- eeeem—— L,
b eflern) 4

3



For a > &) we have

ePletey —u} +1

pr o B e

so that e+ ey — > 6+, ie, o < £,/2. Hence yu shifts to lower energies.
For @ < b, p > ¢/2, u shifts to higher energies.

(c) When T"= 0, by
i
/ afe ~ €)Y 2de = ng,

we obtain
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u shifts to lower energies as 7" incresses.



HW%:Problem 3 solution:

a) The number of states with energy less than o is
3
(@) = ” drdk Anv J-kzdk= 47V 1w

lei<w/c @n)’ (2”) Elewte @ny 3¢’
Thus, the number of states between w and @ +dw is
Vo
glw)y=——=

dco T anie? ?
b) From [deg(w)=3N, we get:
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¢) Since z=1, the occupation number is

<n; >= S
exp(fhck)~1
d) The total energy is:

<E>= jdm g(o)< s(@) >= jdm g(a))ha)(—;—+ <n, >)
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The specific heat is
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For small T, fho —> o, the integration gives a constant so Cy ~ T°.

For large T, pho — 0, exp(x)~1+x, the integration gives (frw, ) /3.
So Cy~ 3Nk as in classical gas.
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Counsider a photon gas enclosed in a volume V and in equilibrium at
te.nperature I°, The photon is a massless particle, so that e = pe.

(e Wiratisthre-chemicat-potential-of-the gas? Explain..

(&) Determine how the number of photons in the veluine depends upon
the temperature. .

ﬁx Wite may write the energy density in the form

= \os plw}dw .

i

Hatistical Physica

Determine the form of p{w), the spectral density of the energy.

AB What is the temperature dependence of the energy £7
(UC, Berkel:

Solution:

(B} The density of states is 8zV p?dp/h?, or Vw?dw/7%c®. Then t
number of photons is

- Vo,
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h w?
Pl = 3 qupF T
and E o T9.
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Homework 7. # Problam &
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