
Chapter 4: Random walks, Friction 
and diffusion

· Chap 3: Friction is the conversion of organized motion to disorder motion 
by collision with a surround, disorder medium. It©s a dissipative process ± 
those that irreversibly turn order into disorder. Many other examples: ink 
drop diff uses, Electrical current generate heat, hot-cold separation can be 
erases by heat conduction, fall rock warm the ground. 

· Physics of the random walks (diffusion) describes all these processes.

· They©re not terribly important in macroworld, but for cells and biological 
systems, kBT matters. Transport, conformations and many other cell  

physiology topics can be explained quantitatively with diffusions.



Brownian motion
· ªMatter consisted of discrete, real particlesº was a absurd 

notion even near the end of 19th cent. Even though, it©s 
indispensable in explaining ideal gas law, it doesn©t tell 
mass of molecules/atoms

· Robert Brown, 1828, pollen grains in water do peculiar 
incessant dance ± life?

± Motion don©t stop even after grains are isolated

± Motion is the same for lif eless particles at similar size and 
temperature. More vigorous at high temperature.

· Critique of molecule collisions: if molecules are tiny and 
fast, how could they move grains that large, and visible in 
microscope.



Einstein: the 2 effects cancel each other (large displacements are rare).
Random walk has the same structure at all length scales (fractal).



Toss a coin, move left or right depending on head or tail. The chance 
to be back at the starting place after 10000 steps is 0.008 ~ 1%. (see 
additional notes for calculation, binomial distribution).
What is the mean displacement after N steps (L is the step size)

<(xN)2> = NL2 = 2 D t

D = L2/2Dt is the diffusion constant. 



Diff usion law
· Mean-square displacement increases linearly with time <(xN)2> 

= 2 D t (for one-dimensional).

· Averaging is important. Individual particle movements widely 
varies (see next slide).

· Wait long enough, we can observe displacement of pollen 
grains.

· For 2-dimensional walk, <(rN)2> = 4 D t. and for 3-dimensional 

walk, <(rN)2> = 6 D t. (x,y and z are independent direction).

· Macroscopic (measurable) parameter, D. Microscopic, L, Dt. To 
make quantitative predictions, need another equation.

· Diff usion law is model dependent (see additional notes).





The missing formula: 
friction and dif fusion are quantitatively related

· Chapter 3: random collisions to redistribute mechanical energy 
is friction. L and Dt can be related to friction (macroscopic 
measurable quantity).

· A particle under a constant force comes to a terminal velocity.

                 with z = 2m/Dt.

· Stokes formula 

· We can use friction and diffusion coefficients to calculate L and 
Dt. But how about a falsifi able, quantitative prediction?
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Einstein©s formula:
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· Fluctuation is linked to dissipation

· Offer a method to calculate kB, since NAvogradro.

· Quantitative and universal.

· Remove doubts on the Boltzmann theory of heat.

· What is unit of viscosity? H2O is 1 centipoise at 20oC.



Other random walks

- Polymer conformation ± random coil. Polymer length play the role 
of diffusion time. Coil size increases proportionally as the square 
root of molar mass (see next slide).

R ~ N1/2

- Self-avoiding phenomenon changes the power law exponent to 
0.58 for 3D, and �  for 2D polymers.
- Strong attraction can destroy randomness, leading to compact 
polymer coil R~N1/3
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Stock market: random walk with drift ± Gaussian distribution.



Diffusion in sub-cellular world

We cannot observe movement of individual molecules but we can 
predict movement of groups of molecules and infer diffusion 
constant, for e.g., spread of ink drop:

D ~ 10-9 m2s-1 or 1 mm2 ms-1 for small molecules. 

How long does it take for sugar to spread through bacterium (1 
micron)? eukaryotic cell (10 microns) ?  

How about neural signal? Bacteria don©t need ªhighwaysº or 
ªtrucksº, advance organism (eukaryotic cells) do.
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Can we find rules governing full distribution P(x,t) instead of just mean 
displacement?

- Use the exact method used in Slide 4 (binomial distribution).
- Use approximate method here (more flexible, simpler and 
more intuitive).

Fick©s law
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Diff usion equation:

� 

� �

� �
� ' 

� � '


