Problem 1.32
Vv=y+2z4+3z

J(Vwv)dr = [(y+2z+3z)dzdydz = ff{f:(y+2z+3:c)da:} dydz
< y+22)z+ %zz]z =2y+2z)+6

f{f:(2y +4z +6)dy} dz
> [4? + (42 +6)y]) = 4+ 2(42 + 6) = 82 + 16

= [3(82+16)dz = (42 +162)|; = 16+ 32 =

Numbering the surfaces as in Fig. 1.29:

(i) da = dydz %,z = 2. v-da = 2ydydz. [v-da = [[2ydydz = 2?|} = 8.
(i) da = ~dydz %,z = 0. v-da = 0. [v-da = 0.

(iii) da = dzdz §,y = 2. v-da = 4zdz dz. [v-da = [[4zdz dz = 16.

(iv) da = ~dzdz§,y =0. v.da=0. [vida=0. .

(v) da = dzdy %,z = 2. v-da = 6z dz dy. [v.da = 24.

(vi) da = —dzdy%,2=0. v.da=0. [v-da=0.

= [vida=8+16+24=48

Problem 1.33

Vxv=%(0-2y)+§9(0~-32)+2(0-z) = -2yx~ 32§ — z&.
da = dy dz %, if we agree that the path integral shall run counterclockwise. So
(Vxv)-da=-2ydydz.

‘f(V>.<V)-da = [ { 15 “(—‘2y)dy}dz A
— y2|2—z =—(2 - 2)?

0

2 N
= —_]:(4—4z+zz)dz=—(4:—2z2+53:)0 \9\
3
= —(-s+ D)= i
Meanwhile, v-dl = (zy)dz + (2yz)dy + (32z)dz. There are three segments. y
z
Y)
(3)1
O
(Nz=2=0;dz=dz=0.y:0=>2. fv.dl=0.
2)z=0; 2=2~-y; dz =0, dz = —dy, y:2 = 0. vodl = 2yzdy.
0 2
Jvdi= [ 22— y)dy = - [{(4y—2%)dy = - (29 - 3°) [, = - (8- §-8) = -§.

2.,
3
B)z=y=0;dr=dy=0; z:2- 0. v.dl =0. va'-dl=”07.77'Sofv-_dl=-—§.‘/




- Problem 1.36 |r = V2 +y2 + 22, O=cos™! (Vm) i ¢=tan™? (¥) .

Problem 1.37

There are many ways to do this one—probably the most illuminating way is to work it out by trigonometry
from Fig. 1.36. The most systematic approach is to study the expression:

r=zX+yV¥+zi=rsinfcosdX+rsin@singy + rcosfz.

If I only vary r slightly, then dr = y(r)dr is a short vector pomtmg in the direction of increase in r. To make
it a unit vector, I must divide by its length. Thus:

8 or or
fo= 8. g 8. G 96
- lﬁl g T I8l
or 80 ¢
& =sinfcosgk +sinfsing§ + cosf3; 8'|2—sin 0 cos® ¢ + sin® @sin® ¢ + cos®f = 1.
gﬁ-rcosBcosd;x+rcos981n¢y-rsmez, | | = r2 cos? 6 cos? ¢ + 12 cos? Osin® ¢ + r?sin? @ = r2.
%-—rsm9s1n¢x+rsm0cos¢y, ¢| = r2sin®@sin? ¢ + r2sin® G cos® ¢ = r?sin 6.

f;:sin9cos¢i+s_in03in¢$'+cos62.

q:cosBcos¢i+cosGsin¢$'-—sin0§.
¢=—singk +cosgy.

Check: i-F = sin® 8(cos? ¢ + sin® ¢) + cos2 0 = sin’f + cos?@ =1, v

6-¢ = —cosfsindcosd + cosfsingcosd =0, v etc.

4

sin# = sin’ § cos ¢ X+ sin® fsin ¢ § + sin 6 cos 0 2.
cos86 = cos® O cospk + cos? fsinp§ — sinf cosd 2.

Add these:
1) sm0r+cosoq = +cospX +singy;
2) ¢ =-singk+cosgy.

Multiply (1) by cos ¢, (2) by sin ¢, and subtract:

% =sinfcos ¢ + cosfcos B — sin ¢ .

Multiply (1) by sin ¢, (2) by cos¢, and add:

¥ =sinfsingf + cosﬂsin¢§ +cos¢¢$.

cosff = sin @ cosf cos ¢ % + sinf cosfsin ¢ § + cos? 0 2.
sin@0 = sinfcosfcosd X + sinfcosfsingy — sin? 0 &.
Subtract these;

2 =cosdf —sindé.
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Problem 1.39

Vv = 52(r?rcosf) + 55 S (sinfrsing) + o5 o5 (rsinf cos )
= % 3rcosf+ g r2sinfcosd + i rsin (- sin g)
= 3cos@+ 2cosf —sing = 5cosf — sin¢

J(V-v)dr = [(5cos0 —sin¢) r?sinfdr df d¢ = fon r2dr fo% [f:"(5 cos @ — sin ¢) d¢] dfsin @
] —>2x(5cos8)
= (&) 10m) [F sin6cos6 ,do
<y untel ¥ _
0

1
2

—|5x p3
=|3FR°.

Two surfaces—one the hemisphere: -da = R2 sinddfdéf; r=R; ¢:0—-27r,0:0 %
Jv-da = [(rcos@)R?sinfdfdp = R3 fo sm0cosGd9f d¢ = R® (1) (2n) = nR3.
other the flat bottom: da = (dr)(r sin§d¢)(+8) = r dr d$ 6 (here § = 2).r:0->R, ¢:0- 2n.

Jv-da= [(rsin6)(rdrdg) = [}r2dr [7"dp = 2x B
Total: [v-da = 7R3+ §WR3 = gwR:’. v

Problem 1.44
(a) J2,(2z +3)16(z) dz = 1(0+3) =
(b) By Eq. 1.94,6(1-2) =§(z ~ 1), 501+ 3 + 2 = [6.]

© [4 97} 8(e + ) de =9 (1)} = [1]
(@)[1Gfa>1),0(fa<b)]

EER ) et

Problem 1.46
(a) | p(r) = ¢é%(r — r'). | Check: [p(r)dr =q [&3(r—1r')dr=¢q. V

®) [o(r) = ¢(r = ') — 08*(x).|
(c) Evidently p(r) = Aé(r — R). To determine the constant A, we require
Q = [pdr = [AS(r — R)4nr?dr = A4xR?. So A= ;Z%. |p(r)= 26(r - R

- . - . - . - . N

Problem 1.48
First method: use Eq. 1.99 to write J = [e~" (476%(r)) dr = 47e™® =
Second method: integrating by parts (use Eq. 1.59).

£ —r —rf' —-ry _ 0 -+ \a —ra
J = —/;;-V(e )d‘r+fe -ﬁ-da. But V(e )—(51'.8 )r——e §.
v s

-

. o0
/;lie"llm'z dr+/e"%-r’sinﬂdadd)f-=41r/e"dr+e""/sin0d0d¢
0

= dn (e )| +4me R =dn(—e"® + e %) =4n./ (Here R=00, soe™F=0)




Problem 1.49 (a) V-F1 = £(0)+ £(0) + £ (z*) =[0} V-Fa=2&+ S+ =1+1+1=[3]
. X 35 Z 5 x 9 2
8 a a Py
VxFy = 50; %; 7 =-y%(a:2)=; UxFa=| £ & £ =@’
T T Yy z

F3 is a gradient; Fy is a curl] Upy=1(z2+y?+2%)| would do (Fz = V).

For Ay, we want (%—%ﬂ):(%_%)zo; %ﬁx-%-

A, = 322§| (F1=VXxA;). (But these are not unique.)

£ y %
(b) V-Fs = Lw2)+ Fz2)+ Zay) =0 UxFs=|& & L& |l=f@@-2)+5@W-y)+2(z-2)=0
yz zz Y

So F3 can be written as the gradient of a scalar (F3 = VUs) and as the curl of a vector (Fs =VXxA3). In

fact, does the job. For the vector potential, we have

i%t - %‘421 =yz, whichsuggests A, = jy%z + f(z,2); Ay = ~}yz? +g(z,y)
%?? - % =gz, suggesting Ar = 122z 4 h(z,y); A, = 1222 +j(y,2)
G- %=1y, so Ay = 2% + k(y,2); Az = —1zy® +1(z,y)

Putting this all together: | Ag = 1 {z (22 - y?) K+ y (22 - 2?) § + z (y? — z®) £} | (again, not unique).
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for £(r,¢,2) we have
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= Fde + Frdg ¢ 2dz

g . ok 0F Jg + € dz
by debinction, d(:“’*a'?dr+9¢ ¢ a2z

and Qo =0 d7 = (TF), de+ (56) 4d¢ +(VE), A=

A - 16 ’35 S de = (GF), do + (G6), dp +(06). 42
5 26
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