Therefore

7 = 2,6,10, 14, etc. (in general, 47 + 2, for j = 0,1,2,..),
otherwise.

So-

) = Z e~ ""=/% gin(nny/a)
T
n=2,6,10
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Problem 3.13

4V
Viz,¥) = Trg E nrzfa sin(nwyfa) (Eq. 3.36); ¢ = —¢ 3 (Eg. 2.49)
n=1,3,5 .
So
—_ 9 WV 1 —nrxfa . — 4Vo l —-nnrzfa : ’
oly) = -eo Bzc{ - zne sin(nry/a) = €0 — n(—-—a—)e sin{nmy/a) D
= |de% E sin{nry/a).
Ry
Or, using the closed form 3.37:
2Vo -1 { sin(wy/a) 2Vo 1 - sin(7y/a)
Vizg,y) = —tan (———————-——— =0 = —€eg— ' —cosh(ar:r:/a)
s sinh{nz/a) T 14 :l‘_':‘:,({’%/%). sinh?(#xz/a) =

2¢0Vp  sin(my/a) cosh(nz/a)
a sin?(wy/a) + sinh® (rz/a)

_ 2EQVQ 1
a sin(ry/a)’

=0

Summation of series Eq. 3.36
il 1 —nuzfe
Viz,y) = -—J where I = Z —e sin(nwy/a).
n
n=1,35,...
Now sinw = Im ("}, so
— 1 —anzfa _inry/a _ 1 n

I=Imy e e =Imy_ ~Z",

where Z = e~"(#—i}/a_ Now

0(2.7"‘1 o (i

1,3, 5,...

2

___ 1 _1 1+2 1 i9

= _/—__I—u2du_2ln(“—_1—2) gln n (Re )-—(lnR-MG)
0




= I
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where Rei® = 13Z  Therefore

1 . 1 1+ 2 _ 1+e ™o (14 7E-0)/0) (1 — ¢=rletin)/a)
F = Im {i(ln R4 9)} —2-9 Bu t — 7 1_e—nle=-wia (1~ g~m(z~@w}/a) (1 — e=n(=+iv)/a)
1+ o-Tz/a (eiwy/a — emimy/e) 6—2”/ a 1 + 2ie~7"%/% gin(wy/a) — e~27%/0
= Il _ ef‘"(x—iy)/a‘lz |1 _ e—-:r(z-—ty)/al 3
50
%e~"*/2sin(xy/a)  2sin(my/a) sin(ry/a)
tanf = = - .
1~ e—2rz/a ere/e — g—7zfa — ginh(nz/a)
Therefore
1. _, { sin{zy/a) Vo sin(nyfa)
I=gtan™ { == = sinh(nz/a)
g 0 (sinh(fr:z:/ a)/’ and |Vizy) = = tan sinh(nz/a) )
Problem 3.14
2 2y
(a) 33;: %’? = {1, with boundary conditions

(1) V(.’B, 0) =0,
(i) V(z,e)=10
(i) V(0,9) =0,
(iv) V(o) =Vely).

L]

As in Ex. 3.4, separation of variables yields
V{z,y) = (Ae*® + Be™*=) (Csinky + Dcosky) .
nge ()= D =0, (ili)=> B = —A, (ii)= ka is an integer multiple of :
V(z,y) = AC (e’"‘“/ @ _ gmnmz/ “) sin{nny/a) = (2AC) sinh(nwz/a)sin(nry/a).

But (24C) is a constant, and the most general linear combination of separable solutions consistent with (i),

(i), {iii} is

Viz,y) = f: Cpsinh{nnz/a) sin(mry)a).

n=1

1t remains to determine the coefficients C,, so as to fit boundary condition (iv):
. _ .
ZC,, sinh(nwb/a) sin(nwy/a) = Vo(y). Fourier’s trick = C\, sinh(nwb/e) = 5 [ Vaoly) sin(nwy/a) dy.
0

Therefore

G_W [ Voly) sin(nmy/a) dy.
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_ 9 i B 2V, 0, if nis even,
(b) C, = m%/‘sm(ﬂﬂyfa) dy = asinh(nnbja) X { 28 if n is odd. }
0

_ 4V sinth(nrz/a) sin(nry/fa)
View) == Z nsinh(nwbfa) )

n=1,3,5,...

Problem 3.15
Same format as Ex. 3.5, only the boundary conditions are:

i)y V=0 when =0,
(iiy V=0 when z=a,
(iii) V=0 when y=0,
(iv V=0 when y=a,
(v V=0 when z=0,
(vi) V=V, when z=a.

This time we want sigusoidal functions in z and y, exponential in z;
X(z) = Asin(kz) NG cos(kz), Y(y) = Csin(ly) + Deoe{ly), Z(z) = EeVF+": + Ge VT
()= B =0; (ii)= k = nnfa; {)= D = 0; (iv)= | = myfa; (v)= E + G =0. Therefore
Z(z) = 2E sip (ﬂmz/a).

Putting this all together, and combining the cafistants, we have:

Viz,y,2) = f: 3 'n,m Sin@rz/e) sin(mmy/a) sinh(zv/n? + m2z/a).

n=1 1

It remains to evaluate the constafits C,, ., by iinposin boundary condition (vi):
Vo Z [C,,,m sinh{rv/n? + m?Nsin(nrz/a) sin(mny/a).

According to Eqs. 3.5(/and 3.51:

. ; 5 2\ [} ) . o, if n or m is even,
Cr,m sinh (-n' +m ) = (E) 74 f / sin{nmz/a)sin(mzy/a) dz dy ﬂlf,::.;’ if both are odd.
00

Therefore

V(iz,y,2) =

. Fi 2$ 2
"*1.6;/0 > > —1—-sin(mrz/a)sin(mﬂy/a)sm.h v/ 7 - z2/a)_
Ll n=1,3,5,... m=1,3,5,... nm sulh (Tr\/n +)\)
N

\.




2

Problem 3.16

Py(z) = 5%% (=%~ 1]3 418 d_f73 (z? — 1)22:5 = %E(fz'x (z? - 1)2
= é% (:c2~1)2+23:(a:2 1]21:] ;d(i (=® ~ 1) (2% — 1+ 43?)]
= 2 @ -1 (5 - 1)) = 2 22 (527 = 1) + (5% — 1) 102]
: = %(53‘ ~z + 5z° - 5z) %(Oz —6z) = -g-a::‘—g-z.
E We need to show that P3(cosd) satisfies

1 d dP '
sin6 d@ ( inf—g 9) =—{(l+1)P, with I = 3,

where P3(cosf) = 3 cosd (5cos?8 — 3).

%% = 3 [- sing (5 cos® @ — 3) + cos 6(10 cos H{— sinf)] = ..,% siné (5cos® § — 3 + 10cos® 4)
= —g-sin9(5c0520—1).
d dp; 3d ., 3, . . .
3 (smﬁﬁ) = 5@ [sin? @ (5cos? 6 — 1)] = -3 [25in8cos@ (5 cos®§ — 1) + sin? 8 (~10cosfsin 6))

i

~3sinfcosd [5cos? 6 — 1 — 5sin? o).

ind do da

~3cos8 [5cos® —1 — 5 (1 — cos? )] = —3cosd (10cos® 6 - 6)

~3-4- %—cosﬁ (5¢os?80 ~3) = ~I(l+ 1)Ps. qed

1 1
[Pl(r)Ps(-’ﬂ)dz = f(z)% (62° — 3z) du = % (= -2}, = %(1 ~14+1-1)=0.¢

-1

Problem 3.17

(a) Inside: V(r,6) = 3 Ar'Py(cos6) (Eq. 3.66) where
=0

A= (2_;}%_1_) f Vo(8) Pr(cos8)sinfd (Eq. 3.69).
1]

N In this case Vp(6) = Vy comes outside the integral, so

A= %?Efﬁ(cosa)sinade.

0
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But Py(cos#) = 1, so the integral can be written

f Py(cos8)Pi(cosb) sinf df = {
0

o

Therefore
0, if

Vo,
Plugging this into the general form;

V{r,8) = A r° Po(cos§) =

The potential is canstant throughout the sphere,
Outside: V(r,0) = Z T ~ror Pi(cos8) (Eq. 3.72), where

ifl=0

CHAFPTER 3. SPECIAL TECHNIQUES

0,
2,

ifl#0
ifl=0

}

} (Eq. 3.68).

1#£0

=0
1
B = & + @L+1) piy / Vo(8)Pi(cos8)sin0df (Eq. 3.73).
= (21;1)Ri+1%fﬂ(cosﬂ)szn8d0 { %’% :;:ig }
Ry, o 1
Therefore | V{r, 8) = Vg"': (i.e. equals Vj at r = R, then falls off like ;).
(b) '
o0
S Ar'P(cos8), forr<R (Eq. 3.78)
Vir,g)={ =0 B, '
Z Es iy Fi(cosd), forr>R (Eq. 3. 79)
=0
where
By = R*14, (Eq.3.81)
and
1 T
R f 0o(8)Pi(cos @) sin8df - (Eq. 3.84)
0, ifl#0
= 5en R" ao/P,(cosB)sdeH { Roofeo ilf ! i 0 } .
Therefore
-}E@, forr< AR
V(ir,6) = )
B 1, forr>R
€g
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Note: in terms of the total charge Q = 4w R%gy,

1 @

—— <

dreg R’ orr SR
Vir,d) =

__}_Q, forr> R

4meg 1

Problem 3.18

7 Vo(®) = kcos(38) = k [4cos® 0 — 3cos8] = k{aPs{cos8) + BPi(cosd)].
(I know that any 3" order polynomial can be expressed as a linear combination of the first fo
;. in this case, since the polynomial is odd, I only need P; and F;.)
1
2

Legendre

30—3cosﬁma[ (500539-—3(:059)}+ﬂcos€:§22c0538+(ﬁ—g-a cos#,

50
S 3
=3 ~3=-%.
Therefore
Now
where
A = (2;;, D Vo(8) Pi(cos &) sin a. 3.69)
0
Q+OEf [ : -
= SRl 5 8[}93( Py {cos @) Fi(cos 8) sin 8 df
0
k(4 L2 k1
= 5 oml {8 1) O3 3——(2l+ 0 511} =
3 Sirg
= { 5‘;/:;; ', ig i ;'z }(zero otherwise).
Therefore
V(r,6) =~ ) Ne)] ,
or - \

3 T _Ekr TV 15 cos2 g — 3] <
-2—[5cos 6 — 3cosf] —3(-R~) cosﬂ}=> Vir,6)= SRCOSQ{LI(R) [3cos® 3]\}\’
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(folr < R). Meanwhile, B; = A;R%*! (Eq. 3.81--this follows from the continuity of V at R}/ Therefore

i : —
B,={ 8kRi/5, ifl=3

_3kR2/5, ifl=1 } (zero otherwise).

So

4 2 .
Virg) = P, (cos ) + is“"_lp3(coso) g [s (-‘;3) }(46) ~3 (g) Pl(cosﬂ)} ,
/

or

o(8) =

9P1 (cos8) + 56 P3(cos 6]

cosf{—9 + 28 - 5cos’ 8 — 28 - 3]

cok
= ;—Rc 6 [140cos® 6§ — 93] .

Problem 3.19
: 20+ 1

BT () Pi(cos @) sind df.

Use Eq.3.83: 6(8) = e Z(2l+1)/‘h}i’,I lF’;(cosl?) But Eq. 3.69 says: A;

I=0

o(0) = (2z+1)20113,(cose) with C; = f Vo(O)P(cos8)sin 0. qed

Problem 3.20
Set V = 0 on the equatorial plane, far from the sphere. Then the potential is the same as Ex. 3.8 plus the
potential of a uniformly charged spherical shell:

V(r,&)z—Eo( ——?i)cosﬂ+ ! Q

2




Problem 3.21

(a) V(r,0) = E - +1P;(cosﬂ) (r > R), so V(r,0) =
=0 =0

By
s}

Dpm =3y 2

Since r > R in this region, Vr2 + R2 =r\/1+ (R/r)2=r {1 + §(R/'r)2 - %(R/r)“ +

=0

oR? aR“

Comparing like powers of r, I see that By = ——, B; =0, By = ——— ... . Therefore

4ep

R*M1 R?
V(r,ﬂ) = ‘;?[;—'Z;EPQ(COSG)‘I‘...],

oR? 1 /R\® .
= Z—f;;[l—g(—;) (3 cos 0—1)+...},

(b) V(r,8) = Z A Pi(cos8) (r < R). In the northern hemispere, 0 <8 <Lnf2,
=0

V(r,0) = \EA,# = 5‘:—0 [\/r?- +R? - r] .

Since r < R in this region, vr? + R? = R\/1+ (r/R)2 =R [1 + =(r/R)? - -(r/R)“

ZAr __ lﬁ...}.]_.‘_.}. —
. 2R st rl.
=0
. o o [r8
. . : Ag = —R, =——, = .,
Comparing like powers: Ag 3 eoR A 260 A2 2e0R 80

V(g = 5‘55[n_-rpl(cossnE%Pz(cosa)ir...],

= g:_:- 1—(%)cosa+§(%)2(3§os2a—1)+...],

In the southern hemisphere we’ll have to go for 8 = m, using P{-1) = (-1)".

Vi) = Y0t = o7 [V o],

i+l
=0

53

- L VAT,

2ep

..],so

Z +E§f_i£i+ -1 —_0._ R_2..._.Ri+ ’
ri+l 260 2r2 841 77 T2 \2r 83 ")

(for r > R).

] . Therefore

{for r < R, northern hemisphere).
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(I put an overbar on A; to distinguish it from the northern A;). The only difference is the sign of 4;:
+(0/2Eg) Ag = Ag, .A.g = As. So:

Il

V(r,0) [R+rP1(cost9) + —-rsz(cose) + ]

(for r < R, southern hemisphere).

260

_ & [1+ (R)cosﬂ+ ! (%)2(3c0328—1)+---],

Problem 3.22

Y Air'R(cos6), (r < R) (Eq. 3.78),
Vi, ) = 16—00

Z sy Pi(cosd), (r > R) (Eq. 3.79),
=0 -

where B; = A, R+ (Eq.881) and

1 ) .
A = Wfao Q)Fi(cos®)sinfdf (Eq. 3.84)
0

xf2 -
= 27 }12,_1—00 f Fi(cosB)gin8df — }Pi(cosf)sinddf } (let = = cosh)
0
0 /2

1 0 -
= g {sz(x)da: - [ A
[1]

Now Fi(—z) = (~1)'Fi(z), since Pi(z) is #ven, for even I, and odd, Yo odd I. Therefore

0 1] 1
[ @) dz = [ P(-2)d(~2) = (-1 [R@a

0

and hence

0, ifli is even

1
=2 11 (-1} -
T 2 RI-! [1 ( 1)]/H(z)da: 1— /H(m)d:r: if 1 is odd
0 eR
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- [y ]

s=R

= —egFyq (-—i:i; - 1) Cos ¢

s=R

Problem 3.25
Inside: V(s,¢) = ap

~k

s* (ag coske + by sinke) . (In this region Ins 7% are no good—they blow

up at s =0.)

Outside: V(s,0) =@ + Z o (cregs k¢ + dy. sin k¢). (Here L% and s* are no good at 5 — o0).
k=1

(Eq. 2.36).

sults: a = 5ep (R*b; + R*b;) = 1060 R"bs; bs =

Combining these 106 R“’ ds =

V(s é) = asm5¢{ s° /R, fors(R,}

R®/s®, fors> R.

Oeo

Problem 3.26
Monopole term:

Q= [pdf—ka[ (R~ 2r)sm9}r smedrdﬂdgb

But the r integral is

R
f(R—-Zr)dr: (Rr—r2)|::R2—R2=0. So @ =0.

Dipole term:
/ rcosfpdr = kR /(r cosf) [.,.iz(R — 2r) sin 9} r* sin @ dr d8 dyp.

But the & integral is

n
/sin26c059d0 =
0

So the dipole contribution is likewise zero.
Quadrupole term:

/r2 (—3— cos® 6 ~ -;-) pdr = %ka[rz (3cos®d — 1) L%(R— 2r) sin B] 2 sin 0 dr d8.

- PTL
sin® @ =":1§(0_0)=0'

0
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T integral: R ‘
® * “\[*_R* R RS
(R — =(Zp-T )| = _ & _ A&
/o.r(R 2r)dr-(3R 2)0 3 5 e
& integral:
m N
/ (Bcos?8-1)  sin?6df = 2/sm26d0 3/sm 6do
| T —
3(1—5:::30) ~1=2—3gin% ¢ 0
n 3 9 T
15 ()093
¢ integral:
2ar

The whole integral is:

b () (-5 - 22

For point P on the z axis {r - z in Eq. 3.95) the approximate potential is

1 kx*RS

o
Viz) = dmep 4823 °

(Quadrupole.)

Problem 3.27
= (3ga — ga) 2 + {—2ga — 2g(—a)) ¥ = 29a 2. Therefore

1 p-¢

Ve 2
dreg r2 '

i = 2gacosé, so

1 2gacosf
dreg 2

Problem 3.28

w

7 3
p = i = 3kfwszﬂsin9d0=2wR3k (-""3 9)

0

(b)

1 4wR3k cosﬂ
dmeg 3 r 3eg 12

o

{Dipole.)

bt (1

it

kil



