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 Throughout this textbook many applications of ultrashort laser pulses are presented. 
As you might have already noticed, practically each one contains focusing laser pulses in 
one way or another. There is one similarity for most applications – the demand for well-
defined laser pulses! That does not mean that they need to be perfect in their spatiotemporal 
shape, but at least well characterized. Focusing ultrashort laser pulses has got, of course, a 
great influence on the spatial and temporal characteristics of the laser pulse in the focal 
region. Finally, that is the reason why it is done! Reaching spot sizes of a few square microns 
provides very high local intensities, which pushes open a door to new interesting physics. 
Unfortunately, commonly used optics for focusing ultrashort laser pulses, e.g. microscope 
objectives or singlet lenses, can have some unintended influence on the laser pulse as well. 
Therefore, it is essential also for lab work to be able to analyze the influence of the optics 
used. 

In this chapter we look at the focusing behavior of different optics all suffering from 
some sort of aberration. At the very beginning, we will look at some basic effects presented 
for idealized lenses in order to be able to understand the difference in focusing ultrashort 
pulses and monochromatic light. After that, we start with a short introduction on how to model 
the propagation of ultrashort laser pulses through real world optics fast and efficiently taking 
into account all occurring aberration, dispersion, refraction and diffraction effects. This serves 
us as foundation of all studies following. After learning more about the distortion of ultrashort 
laser pulse in the vicinity of the focus of different optics, we will concentrate our attention on 
two interesting side effects occurring when focusing laser pulses. Firstly, we have a look at 
an additional pulse known as boundary wave pulse and secondly, a stationary intensity 
distribution along the optical axis is examined. Both will turn out to be caused by diffraction at 
the systems aperture. Since they can complicate experimental work (e.g. micromachining) it 
is important to understand their behavior. 

Finally yet importantly, we give a short outlook on alternative focusing concepts, 
which can avoid some sorts of pulse distortion discussed before. Particular attention is paid 
to a hybrid concept combining refraction and diffraction for very flexible and almost ideal 
focusing conditions. 
 
 
Focusing with idealized lenses 
 
 The best optics to have for focusing ultrashort laser pulses would be an ideal lens 
knowing no dispersion or aberrations1. Thus, all colors are focused perfectly in one focal 
plane. In such a case, it would not make a difference whether monochromatic light or an 
ultrashort laser pulse is focused (Fig. 1(a)). However, since we usually do not have ideal 
lenses for practical lab work, we will now look at the changes of the focusing behavior for 
ultrashort pulses introduced by adding successively real world attributes to our ideal lens. In 
this section, we mainly present results derived by studying focusing effects of ultrashort laser 
pulses with geometrical optics in the late 1980s [1,2,3]2. Notice that throughout this section, 
only the analytical results are presented and calculations with real world parameters are left 
as homework problems, which are given at the end of this chapter. 
 
 
 

���������������������������������������� ��������
1 An ideal lens is just a plane, which transforms a plane wave into a spherical converging one 
independent of the wavelength. 
2 All calculations within these papers make use of the paraxial approximation and therefore the results 
deduced there are only valid for this case. 



Dispersion 
 
 The first thing we know about our lens is that it is made of some sort of glass. 
Therefore, the first attribute we supplement is dispersion. For light in the visible, on which we 
will concentrate our attention here, glass shows so-called normal dispersion. Thus, red light 
is propagating faster than blue light according to their different index of refraction. You 
already know from the beginning of this textbook [refer to chapter on dispersion] that this 
leads to a temporal spread of the laser pulse due to group velocity dispersion (GVD) and 
even higher orders. 
 To approximate the strength of this effect for a singlet lens, it is usually sufficient to 
assume a resulting linear chirp of the laser pulse, which is equivalent to the appearance of 
GVD only. For a temporally and spectrally Gaussian shaped laser pulse with the original 
(transform-limited) pulse duration Pt  (FWHM) the increased pulse duration GVDt  caused by 

GVD can be estimated as3 
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Thereby, GVD  is the second order coefficient of the spectral phase )(wj  in a Taylor 

expansion and accounts for the total amount of group velocity dispersion along the length L  
of the material. In this extremely simplified case, the GVD is constant all over the cross-
section of our model lens because its shape does not have a lateral dependence yet (Fig. 
1(b)). Since this is a basic feature of a real world lens, we will add this attribute next. 
 There are basically two simple geometries a singlet-collecting lens can have. For one 
thing, you could leave one side plane and curve the second one. A spherical surface is 
thereby the easiest solution because it can be described by just one parameter – the radius 
of curvature R . Such a lens is called planoconvex. For another thing, both surfaces of a lens 
can have some sort of curvature. Then we speak of a biconvex or a concave-convex lens. 
Since there are many ways of describing lens surfaces, such expressions can become quite 
complex, e.g. for an asphere, surfaces are described by polynomials. In order to keep 
matters as simple as possible, we will stick to singlet plano- and biconvex lenses with 
spherical surface profiles in this section. 
 The resulting focal length )(lf  of such lenses can be described by the so-called 
lens-maker’s formula [4] 
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which accounts for both attributes of our biconvex lens – dispersion and geometry. 1R  and 

2R  are the radii of curvature with the following sign convention: 2,1R  are positive (negative) 

for surfaces concave (convex) towards the incident side, which is usually the left hand side. 
As a direct consequence, our lens now has a varying thickness )(rL  over its cross-section, 
which is given by 
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3 The derivation of this analytical formula for Gaussian pulses is one of the problems given at the end 
of this chapter. 



with 0r  being the lens radius. Here we assume zero thickness at the rim of the lens. Since 

the amount of GVD depends on the length of the material path, the increase of the pulse 
duration depends on the input radius r  as well, which is depicted below in Fig. 1(c). 
 

  

rr0

(a)  (b)  
  

  (c)  (d)  
 
Fig. 1 (a) ideal lens (without dispersion and aberrations) – perfect focusing for all colors, (b) ideal lens 
plus constant GVD, (c) varying thickness – GVD depends on r �  (a), (b) and (c) all partial pulses 
propagate on a sphere converging into the focus = same arrival time for all of them, (d) PTD and GVD 
occur - additional to (b) and (c) different arrival time in the focal plane depending on r; lengthening of 
the pulse duration in the focal plane due to PTD and GVD. 
 
Although, our model lens is still very simple a laser pulse will already experience temporal 
distortion in the focal plane, which cannot be easily compensated. External compression of 
the laser pulse could account for an average amount of GVD only. 
 
 
Aberrations 
 
 By adding dispersion and giving a shape to our model lens, we automatically 
introduced aberrations. For one thing, we caused chromatic aberrations, which are already 
considered in Eq.(2) with the dependency of the focal length )(lf  on the wavelength. For 
another thing, we added spherical aberration by choosing plano- and biconvex lenses with 
spherical shapes for our considerations. The pulse front distortion caused by spherical 
aberration is quite complex and needs wave optical treatment for better understanding. 
Therefore, we leave them to a later part of this chapter [refer to subchapter Distortion of 
ultrashort laser pulses]. 
 

Df

r0 blue red

 
 
Fig. 2 Chromatic aberrations – each color focusing into a different focal plane. The focal length )(lf  

is decreasing with wavelength due to a growing refractive index (normal dispersion). 
 
 Having chromatic aberrations directly results in an expansion of the focal region along 
the optical axis because the lens does not focus in just one focal plane anymore (Fig. 2). 
Thus, the obtainable maximum intensity drops compared to ideal focusing. In order to be 
able to estimate the influence of this chromatic effect, we need to calculate the change of the 



focal length fD  for a given lens and pulse duration Pt . Therefore, we differentiate Eq.(2) 

with respect to l 4. 
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Now we resolve the left part of Eq.(4) to obtain an expression for fD  and substitute the 
derivative from the right sight as follows 
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Knowing the spectral width lD  of the laser pulse and the dispersion relationship 
ld

dn
 of the 

lens material, the enlarged length of the focal region fD  can be calculated. In most practical 

cases, the pulse duration Pt  instead of the spectral width lD  is known and therefore we 

derive another expression for band-limited Gaussian pulses with a center wavelength l . 
With the time-bandwidth-product being 
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 Looking once again at Eq.(5) and Eq.(7) one can see that chromatic aberrations are a 
direct consequence of dispersion. Therefore, it is important to keep in mind that all singlet 
lenses used in practical lab work introduce the discussed effect of an enlarged focal region. 
 
 
Distortion 
 
 Both effects analyzed so far - dispersion and chromatic aberrations – cause a 
decrease of the maximum intensity in the focal region, which is directly dependent on the 
original pulse duration Pt . Now we look at another interesting effect, which causes pulse 
front distortion, but is depending on the lens parameters only. 
 With introducing dispersion to our model lens, we automatically attained a mismatch 
between phase and group velocity. Thereby, the phase velocity fv  is determined by the 

refractive index as 
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whereas the group velocity gv  is given by the inverse derivative 
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� �Throughout this section l is always the vacuum wavelength. 



Comparing Eq.(8) and Eq.(9) with each other, one can see that for normal dispersion the 
phase velocity is larger than the group velocity. Since the pulse front propagates with gv  it 

will trail behind the phase front. This effect is named propagation time difference (PTD) [1]. 
Moreover, the delay of pulse and phase front depends on the material path within the lens! 
Thus, the more glass to pass the later the pulse front arrives. Therefore, the PTD in the 
middle of a convex lens is larger than at the edges (Fig. 3). What we end up with is a radially 
varying group delay, which lengthens the pulse temporally and distorts the pulse front in the 
focal plane (Fig. 1(d)). So the shape of the pulse front in the focal plane is still convex and 
changes to concave at a certain distance LD behind it [1] (Fig. 13(b)). Interestingly, in this 
plane the phase front has got a radius of curvature of LD , which is given by5 
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Notice that the distance LD  is determined by lens parameters only and therefore 
independent of the pulse duration Pt . 
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Fig. 3 The pulse front trails behind the phase front due to radially varying PTD. 
 
In the following, we calculate the difference of the propagation time )(rtD  between the phase 

and pulse front with )(rL  being the lens thickness according to Eq.(3). 
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Thereby, we used Eq.(8) and Eq.(9) to derive an expression for 
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To make Eq.(11) a little bit more practical, we employ Eq.(2) and Eq.(4) once again to derive 
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This result relates the difference between the group and phase delays to the chromaticity of 
the lens. We will come back to this interesting relationship later on. 
 What is even more interesting for practical lab work than )(rtD  is the difference in 
group delay at the lens edge and on-axis, because it determines the maximum temporal 
lengthening of the laser pulse in the focal plane. Thus, we calculate 
���������������������������������������� ��������
5 The derivation of this analytical formula is one of the problems given at the end of this chapter. 
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Besides GVD, this is the second effect you got to know, which causes a temporal spread of 
the laser pulse in the focal plane. Since both of them occur simultaneously along with 
dispersion, it is interesting to ask, which of these effects is the dominant one. Therefore, we 
estimate the ratio PTD/GVD, which is mainly determined by the ratio of the first and second 
derivative of the refractive index. To simplify our calculation a little we approximate Eq.(1) for 
ultrashort pulses with a duration of 100fs or less6, where the broadening of the laser pulse 
due to GVD becomes interesting. Thereby, )(rL  is the material path according to Eq.(3) and 

lD  the spectral width of the laser pulse. 
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Notice that this expression only holds for unchirped laser pulses, to which we will limit our 
analysis just now. Taking Eq.(11) for the time delay due to PTD we obtain 
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As you can see, all geometry parameters just cancel out and we are left with material 
parameters only. In order to be able to quantify the expression derived in Eq.(16), we need to 
know the relationship between the two derivatives of the refractive index. From [1,3] we learn 
that the expression 
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directly results from the Sellmeier equation, which is valid for the region of high transparency 
of materials. The magnitude of the constant factor C  depends on the actual material and is 
typically in the order of unity. Inserting Eq.(17) into Eq.(16) and substituting the spectral width 

lD  with the time-bandwidth-product given in Eq.(6), we can approximate 
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where c  is the vacuum velocity of light, l  the center wavelength and Pt  the duration of the 
laser pulse. At first sight we can already say, that PTD is increasing for longer pulse 
durations and shorter center wavelengths. Just to give you an impression – for a 100fs laser 
pulse centered at 800nm PTD is about one order of magnitude larger than GVD. 
 
 Although not discussed within this section, the results deduced concerning the PTD 
are also valid for Fresnel zone plates [2]. However, since the dispersion relationship is 
inverse to that of glass, the phase front now trails behind the pulse front, which is still 
distorted. Therefore, you cannot overcome the problem of PTD by using a singlet Fresnel 

���������������������������������������� ��������
6 For longer pulse durations this approximation only holds for lenses with a center thickness which is 
not too small – at least some millimeters. 



zone plate for focusing short pulses. We will come back to this problem when discussing 
alternative focusing concepts at the end of this chapter. 
 
 
Achromatic doublets 
 
 So far, we are in a quite miserable situation – our singlet convex lens offers quite poor 
focusing properties compared to ideal focusing conditions. Chromatic aberrations enlarge the 
focal region (Eq.(7)), PTD distorts the pulse front (Eq.(13)) and causes together with GVD an 
increase of the pulse duration (Eq.(14) and Eq.(1)). Since it is our aim to reach high intensity 
in the focal plane, we have to come up with a solution, which compensates at least some of 
these effects. 
 As first attempt, we suggest to compensate for the chromatic aberrations employing 
an achromatic doublet for two reasons. First of all, it should shrink the focal region close to 
ideal conditions again and therefore lead to higher intensity in the focal plane. Secondly, we 
learned from Eq.(13) that PTD, which is a highly unwelcome effect, is somehow link to the 
chromaticity of a lens. 
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Fig. 4 Achromatic doublet – the pulse front propagates with constant delay to the phase front and is 
flat in the focal plane. 
 
 An achromatic doublet is a combination of two lenses made of different sorts of glass 
to offer the same optical path to all incoming rays. Analogically to Eq.(2) its focal length is 
given by 
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Additionally, we choose the parameters 1R , 2R , 3R , 1n  and 2n  so that 
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is fulfilled. Looking back at Eq.(5) we see that fD  is then equal to zero for an achromatic 
doublet, just as desired. As a direct consequence from Eq.(13) the radius dependent PTD 
vanishes as well. Since the phase velocity fv  is still higher than the group velocity gv  within 

materials with normal dispersion, the pulse front has now a constant delay to the phase front 
(Fig. 4), which we want to calculate in the following. To make our calculations a bit more 
convenient we introduce the center thickness )0(2121 == rLd  (Fig. 4) and rewrite Eq.(3) as 

follows 
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We start again with Eq.(11) and Eq.(12) to calculate the PTD of the pulse and phase front. 
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Inserting 1L  and 2L  as given above in Eq.(21) in Eq.(22) and additionally making use of the 
parameter relationship for an achromatic doublet given in Eq.(20) we derive 
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for the constant delay between phase and pulse front. 
 
 Let’s summarize what we have just deduced for practical lab work. Firstly, an 
achromatic doublet focuses all colors, within a certain spectral range, in one focal plane. 
Secondly, the PTD is constant over its cross-section, which prevents pulse front distortion 
and leads to a flat pulse front in the focal plane. Thirdly, the GVD is constant over the cross-
section too, since the achromatic design offers the same optical path lengths for all colors. 
Therefore, the GVD can be compensated externally by pre-chirping the laser pulse. Thus, 
such an achromatic doublet solves three of our problems at the same time! 
 
 The results deduced throughout this section are valid in paraxial approximation only, 
since we assumed a simplified formula for the focal length of the lens (Eq.(2)) and did not 
account for ray aberrations etc. Above that, we totally neglected diffraction effects within our 
considerations so far. Since high NA optics and also optics apart from singlet lenses or 
achromatic doublets are used in practical lab work, the next section presents a flexible 
method to analyze any sort of real world optics used for focusing ultrashort laser pulses. 
 
 
Modeling of ultrashort pulse focusing 
 
 At a first view it seems quite natural to analyze the interaction and behavior of 
ultrashort laser pulses as they exist in nature – as an electrical field as a function of time, and 
indeed it is common practice to do so. For our purpose, however, it is much easier and 
presentive to understand pulses as interference of many spectral components with a certain 
phase relationship. With other words, we decompose the laser pulse into its spectral 
components by applying a Fourier transformation as follows 
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Apparently, due to the linearity of the Fourier integral the propagation of each spectral 
component can be treated separately in case of linear material interaction, which is usually 
the dominate one. In the plane of interest the spectral components are merged together 
again employing the inverse Fourier transformation (Eq.(24)). Therefore, it is important to 
conserve the phase relationship of all components while calculating the propagation – 
otherwise our pulse might be mashed afterwards. 



 But now the vital point is, how to calculate the propagation through an optical system 
for each spectral component. We could solve the according diffraction integral [5] for each 
color. This has been done before [6,7], but is limited to simple lens geometries and a paraxial 
approximation. Above that, the numerical computation is quite slow. So this way does not 
serve our purposes. In 1986 J. J. Stamnes [8] proposed a very charming combination of ray-
tracing and wave optical propagation for the treatment of focusing monochromatic light. He 
demonstrated that it is sufficient to treat the propagation through an optical system with 
geometrical optics and employ wave optical methods for calculations in the vicinity of the 
focal plane only, where geometrical optics is not valid anymore. In the following, we seize up 
his idea and show how it can be extended easily for ultrashort pulse calculations. At the end 
of this section, we will have a hand tool enabling us to calculate the focusing of arbitrary 
pulses through freely chosen real world optics. 
 Notice that with this approach we do not rely on the Slowly Varying Envelope 
Approximation (SVEA) often used in the time domain. Therefore, our calculations are valid 
even for the shortest pulses. 
 
 
Propagation through imaging systems 
 

The simplest imaging system you can have is a singlet lens. Putting several of them 
together, in a suitable way, results in an objective. It is also feasible to use reflective 
elements, e.g., parabolic mirrors, or diffractive structures, e.g., Fresnel lenses, for focusing. 
You can imagine that there is an infinite number of possible combinations! When we want to 
analyze and compare the focusing behavior of different optics, it would be very laborious if 
we could not model this for all of them in the same way. So our first question should be: Is 
there a good way of describing the properties of an imaging system completely no matter 
what and how many elements are included? Yes, there is! 

For any imaging system the position and size of the so-called entrance and exit pupil 
can be calculated quite easily using geometrical optics [4]. Both pupils are images of the 
same limiting aperture within the system viewed from the object or image space. The exact 
position and size of the entrance and exit pupil depend on the specific system. To give you 
an impression how it can look like for real world optics Fig. 5 shows a typical microscope 
objective, which we will analyze later on. 
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Fig. 5 Position and size of the entrance ),,( enyx zpp ¢¢  and exit ),,( exyx zpp  pupil of a microscope 

objective (Linos 038723). The focal plane is marked by ),,( fzyx . 

 
If you want to learn more about the amount and kind of aberrations of an imaging 

system, you need to explore the transformation of amplitude and phase of the electrical field 

from the entrance to the exit pupil. Mathematically we formulate this as a linear operator Ô , 
which includes all linear modifications a system can have on the electrical field. We can write 
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Up to this point everything needed can be calculated using geometrical optics only – effects 
caused by dispersion, aberrations and refraction are fully considered. We introduce the 
concept of entrance and exit pupil here because they can be seen as some sort of interface 



for our further calculations. In this context, it is also helpful to visualize an abstracted imaging 
system as shown in Fig. 6 , where the entrance and exit pupil are placed directly in front and 
behind a simplified optical system, which acts like a black box. So for our purpose, light has 
to be propagated between these two pupils and we do not need to care too much, what it 
does in between as long as we know somehow the electrical field in both planes. 
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Fig. 6 Abstract imaging system with entrance ),,( ''

enyx zpp  and exit ),,( exyx zpp  pupil placed infront 

and behind a simplified optical system. 
 

Although the amplitude and phase distribution in the exit pupil could be calculated by 
hand just applying the rules of geometrical optics, we prefer employing a ray-tracing software 
package. It is much faster, more accurate, and more over most standard lenses can be found 
in so-called lens-catalogs, ready to be inserted into your system. Popular software packages 
for such a purpose are Zemax, Oslo and CodeV. Nevertheless, you can use any you like to – 
it should not make a difference. 
 

An ideal imaging system (ideal lens) focuses all colors in the same way and causes 
no further modifications on an incident wave. But world is not perfect and so for real world 
optics there are always some deviations from a spherical phase in the exit pupil. How this 
looks like and what we can learn from this you will see in an upcoming section. 

Just a short remark: An imaging system can also affect the amplitude distribution due 
to scattering, absorption, pupil aberrations, nonlinear material effects, etc. In principle, one 
can consider those as well, but for the sake of simplicity, we will not. In most cases of 
practical relevance, it is sufficient to limit the effects to the modification of the spatially 
resolved spectral phase ),,,( exzyxwj by linear material interaction and the lateral scaling of 

the beam size. 
 
 
Propagation into the focal region 
 
 Since geometrical optics is not valid in the vicinity of the focus, we have to employ 
wave optical methods as well in order to be able to analyze the focusing behavior of our 
short pulses. Therefore, we have to treat the propagation from the exit pupil into the focal 
region as a free space (wave optical) propagation – solving the diffraction integral [5]. 
 Due to the fact that the exit pupil is an image of the limiting aperture within the 
system, diffraction can be treated as arising from the exit pupil only [5]. On the basis of our 
special choice to take the exit pupil of the imaging system as interface between ray-tracing 
and wave optical calculations all diffraction effects occurring are automatically included. 
 For the simple reason that we paid particular attention to include all effects occurring 
within the optical system so far, we want as few assumptions as possible affecting the next 
step, the wave optical propagation. Thus, we do not want to lose the accuracy of our 
calculations. Therefore, our first attempt is to solve the Rayleigh-Sommerfeld diffraction 
integral [5], which looks like this for our special situation 
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where f  is the focal length of our system, R  is the radius of curvature of the spherical 
waves and g  is the angle towards the optical axis. For an arbitrary field distribution 

),,,(
~

exyx zppE w  in the exit pupil this expression requires numerical integration. At this point 

two problems arise. Firstly, due to the spherical part of the phase resulting from the focusing, 
the sampling of the phase distribution requires an amazing number of points (depending on 
the actual optical system up to 20.000 or even more). Secondly, the numerical integration of 
the diffraction integral is usually quite slow and suffers significantly from the high number of 
sampling points required. How can we overcome this trouble without limiting the desired 
accuracy of our calculations? Of course, it is always possible to use an approximation such 
as Fresnel or Fraunhofer [5] to simplify Eq.(26). However, since they rely on the small angle 
approximation, using them would limit our calculation to numerical apertures smaller than 
NA=0.15 and therefore discriminate many interesting optics used in practical lab work. So, let 
us try something different. 
 

 
 
Fig. 7 Reference sphere placed in the exit pupil having a radius f , which is the focal length of the 
imaging system. The angle g  indicates the deviation for the small angle approximation. 

 
 There is one smart way of avoiding both problems of the Rayleigh-Sommerfeld 
integral at once, which does not yield the hard restrictions of the Fresnel or Fraunhofer 
approximation [9]. Up to this point, the wave optical propagation into the focal region is 
treated as propagation between two planes. Now we define a suitable reference sphere in 
the exit pupil (Fig. 7) and calculate the field in the exit pupil related to this sphere7. As you 
can see in Fig. 7 the radius f  of the sphere is exactly given by the distance of the focal 
plane and the exit pupil. Of course, it was chosen this way for a very good reason. 
Calculating the electrical field on this special reference sphere compensates the spherical 
part of the phase distribution ),,,( exyx zppwj . This allows using a considerably smaller 

number of sampling points. For an ideal lens with no aberrations the phase distribution 
matches exactly this reference sphere. Because of this, sampling the phase distribution on 
this sphere is equal to subtracting “ideal focusing”. After doing so, the left over phase 
distribution is the deviation from the ideal sphere caused by the aberrations of the imaging 
system. Additionally, the diffraction integral boils down to a simple Fourier transformation [9]. 
But let’s have a look on our own. 
 On condition of small angles g  (Fig. 7) the radius R  appearing in Eq.(26) can be 

approximated as a Taylor expansion about the coordinates in the focal plane ),( yx  like this 
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7 The coordinates ),( yx pp  are not renamed and now defined as coordinates on the reference 

sphere. 
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This approach is very similar to the small angle approximation for the Fraunhofer diffraction 
integral. But note the difference! The angle g  defines the derivation from the radius R  of the 
sphere and not the divergence from the optical axis. Since the electrical field is focused into 
the plane ),,( fzyx  the angle g  is naturally small. Therefore, the requirement for the 

approximation performed in Eq.(27) are usually fulfilled. Additionally, we can approximate  
1cos »g  and the diffraction integral now simplifies to a spatial Fourier transformation, which 

can be written as 
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Fortunately, there are many fast numerical algorithms to calculate a Fourier transform of an 
arbitrary field distribution. So it seems, we found a fast way of calculating the electrical field 
directly in the focal plane. But what about the vicinity of the focus? Can we calculate the 
electrical field with such a simple method there as well? Good news - with some prior 
thinking we can! 
 Since we already know a good way of calculating the electrical field in the focal plane 

let us take it as new reference plane for a moment. Knowing ),,,(
~

fzyxE w  we can compute 

the electrical field in any surrounding plane applying a free space propagation starting from 
the focal plane. For this purpose applying the Angular Spectrum of Plane Waves (ASPW)8 [5] 
is very suitable because it involves no approximation at all. Furthermore, neglecting the 
quadratic phase factor9 in Eq.(28) will lead us to the following expression 
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being the spherical phase function employed on the spatial frequency distribution of 

),,,( fzyxE w  in order to obtain the field in the plane zzz fS D+= . After applying the 

following coordinate transformation 
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8 This is an alternative way of interpreting the diffraction integral without imposing any restrictions. The 
propagation of the electrical field is calculated by employing the concept of spatial frequencies. 
9 In the vicinity of the focus the most intensity is centered around the optical axis. Within this region the 
variation of the quadratic phase factor is very small and can therefore be left out. 
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on Eq.(29) the two Fourier transformations in the middle cancel out and we come down to 
 

)(
�
�

�

�

�
�
�

�
+-D=

µ

22
2

1
1expˆ

)],,,(
~ˆ[),,,(

~

yxS

exyxSS

pp
f

zikP

zppEPFzyxE ww

    (32) 

 
In many cases the optical system is rotational symmetric and therefore the pupil coordinates 
can be simplified to 222

yxr ppp += . In the following sections we will assume rotational 

symmetry for all optical systems we look at and thus depict spatial phase distributions in 
dependency of rp . 
 
 Let’s summarize what we have just learned: We can calculate the electrical field 

distribution ),,,(
~

SzyxE w  in the vicinity of the focus for each spectral component by 

manipulating the field distribution ),,,(
~

exyx zppE w  in the exit pupil with an additional 

spherical phase distribution SP̂ . This is great, because everything can be calculated using 

just one Fast Fourier Transformation (FFT). After doing so all spectral components need to 
be merged together again by applying the inverse Fourier transformation given in Eq.(24). 
Now we have got the physical and mathematical foundation to be able to analyze the 
focusing behavior of different optics. 
 
 
Distortion of ultrashort laser pulses 
 
 Although, we are now able to compute the electrical field in the vicinity of the focus 
under the influence of dispersion, aberrations and diffraction we first go back to the analysis 
of different imaging systems. Thereby we want to find out what we can learn about the 
distortion of ultrashort laser pulses with very little computational effort. Then we will evaluate 
the results of the complete calculations done for those optical systems. 
 Even though it is possible to compute with an arbitrary incident laser pulse using the 
described method we have chosen a 40fs-pulse10 centered at 800nm with a Gaussian 
shaped spectrum to keep possible effects well separated and as simple as possible. 
Besides, those pulses are very close to what we can generate at our lab quite easily and at 
the end of this chapter we will show you experimental results and compare them to our 
simulations. 
 The method proposed above is capable of calculating the focusing behavior for 
arbitrary optics and laser pulses. Thus, it is not limited to rotational symmetry. But still we left 
out off-axis aberrations in the following , since this would go beyond the scope of this 
chapter. 
 
 
Spectral phase in the exit pupil 
 
 You are already familiar with the concept of the exit pupil from the beginning of this 
chapter. We are using this special plane as interface between the ray-tracing and wave 

���������������������������������������� ��������
10 When we mention pulse durations we always refer to FWHM (full with at half maximum) of the 
intensity distribution. 



optical calculations. In addition, we proposed that the phase distribution on the reference 
sphere in the exit pupil shows the deviation from ideal focusing. You will now learn what this 
means in detail. In the following, we will examine three different imaging systems – a 
planoconvex lens (Linos 312011), a Geltech asphere (Thorlabs 350240), and a microscope 
objective (Linos 038723). 
 In order to be able to compare different optics with each other, we selected those with 
similar parameters such as a numerical aperture (NA) of about 0.45 and a focal length f  of 
about 9mm. Fig. 8 shows the layout for all of them. All optics are real world examples and 
therefore all effects appear in a mixture. However, to be able to study the influence of major 
effects such as dispersion, chromatic and spherical aberrations the optics chosen exhibit 
dominantly one of them each. 
 

9mm

2mm

fm fp

(a)  

8mm

(b)  

10mm

(c)  
 
Fig. 8 Layouts for real world optics which are examined. (a) planoconvex lens (Linos 312011), (b) 
Geltech asphere (Thorlabs 350240) and (c) microscope objective (Linos 038723). For the 
planoconvex lens the position of the marginal (fm) and paraxial (fp) focus is marked. 
 
 The planoconvex lens is made of BK7 and as you can see in Fig. 8(a) suffers from 
severe spherical aberrations, which means that the position of the focal plane varies with the 
distance of the incoming ray to the optical axis. In this case, the focal region marked by the 
marginal and paraxial focal plane [4] is about 2mm long. Even monochromatic light cannot 
be focused well with such a lens. To give you an impression of the strength of these 
spherical aberrations Fig. 9(a) shows the deviation of the phase from the reference sphere in 
the exit pupil for the center wavelength of our laser pulse in terms of l . 
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Fig. 9 (left) spherical aberrations of the planoconvex lens at 800nm, (right) chromatic aberrations of 
the asphere for three different colors. 
 
 The second lens is a Geltech asphere (Fig. 8(b)), which is well corrected for 
monochromatic focusing at 800nm. But it suffers from chromatic aberrations, which means 
that each color has got a slightly different focal plane. With other words, all other colors are 
defocused in the focal plane of the center wavelength 0l . This situation is depicted in Fig. 

9(b) for three different wavelengths. There you see that for wavelengths shorter than 0l  the 

light is already defocused and longer wavelengths have not come to focus yet. 
 Last but not least, we have a look at a microscope objective (Fig. 8(c)), which is made 
of several different sorts of glass and therefore gives rise to a great amount of material 
dispersion. 



 When dealing with ultrashort laser pulse instead of monochromatic light it is important 
to know the aberrations and the spectral phase at the same time. Therefore, we have a look 
at the spectral phase, which can be expressed as a Taylor expansion in the following manner 
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The first term 0j  is just a constant offset with no relevant information for the propagation of 

the laser pulse. It is about the same for the second term, which contains information about 
the absolute propagation time only. For this reason, the first relevant term in Eq.(33) is the 
quadratic phase term (linear chirp) and the first and second can be neglected for our 
purposes. We just have to keep in mind that it is essential to conserve the phase relationship 
between all spectral components in order to be able to calculate the inverse Fourier 
transformation of Eq.(24). Now putting everything together gives us the spatially resolved 
spectral phase ),,,( exyx zppwj  on the reference sphere in the exit pupil starting with the 

quadratic phase term. 
 For our three optics these are depicted in Fig. 10 for the relevant frequency slice of 

114105 -×´=DW srad  centered at 115
0 1036.2 -×´= sradw  (800nm). Each phase distribution 

is encoded in gray scale in steps of p2 . The horizontal axis shows the variation of the 
spectral phase as a function of the radial pupil coordinate rp  and gives therefore the 
aberrations for each frequency w .The vertical dependence of the phase distribution on 
frequency shows the influence of material dispersion and therefore group velocity dispersion 
(GVD) and higher orders. Just from this illustration, one can already estimate the amount of 
distortion of the laser pulse, since for an ideal lens the spectral phase on the reference 
sphere is constant for all frequencies and pupil coordinates. 
 

 
 
Fig. 10 Spectral phase in the exit pupil of our three optics coded in gray scale. (a) planoconvex lens 
showing severe spherical aberrations, (b) asphere suffering from chromatic aberrations and 
dispersion, and (c) well corrected microscope objective with high material dispersion. 
 
 Now we want to infer on the focusing behavior from the spectral phase in the exit 
pupil of the three optical systems discussed here. The phase distribution in the exit pupil of 
the planoconvex lens (Fig. 10 (a)) shows strong variations with rp  for each frequency, which 
means that there are severe spherical aberrations. This fact was foreseeable from the layout 
in Fig. 8(a). On the other hand, the variation of the spectral phase with frequency is small. 
Hence, material dispersion just causes small changes in the pulse duration as expected for 
thin lenses. For the asphere the variation of the spectral phase in the exit pupil (Fig. 10(b)) is 
quite weak compared to that of the planoconvex lens. The curvature of the phase can be 
identified as chromatic aberrations. The spectral phase also shows modifications with the 
frequency, which cannot be neglected and are caused by the highly dispersive material the 
lens is made of. Due to this dispersion the variation of the phase distribution just caused by 



chromatic aberrations is not easy to see in Fig. 10(b). Therefore, a “dispersion free” version 
for the asphere is shown in Fig. 11. The phase functions depicted in Fig. 9(b) are cross 
sections of the distribution below for the center frequency and the two outer ends. There you 
can now see more easily that the variation of the phase with rp  is primarily quadratic for 
each spectral component with w  

�

smaller or larger than the center frequency. 
 

 
 
Fig. 11 Spectral phase in the exit pupil of the asphere with subtracted chirp (GVD) showing chromatic 
aberrations. 
 
 For the microscope objective the spectral phase in the exit pupil (Fig. 10(c)) is nearly 
constant for all rp  because it is a well-corrected achromatic system. However, the high 
amount of material dispersion caused by the different sorts of glasses and the long glass 
path lead to a strong variation of the spectral phase with the frequency, which means a 
strong GVD and even higher order dispersion. One therefore can expect good focusing 
attributes but a high expansion of the pulse duration for the microscope objective. 
 
 
Pulse front distortion 
 
 For a comparison of the influence of material dispersion and aberrations on the 
focusing behavior we behold the focusing of an ultrashort laser pulse with an ideal lens of the 
afore mentioned parameters first. As you can see in Fig. 12(a)11 there is no pulse front 
distortion and a perfectly spherical pulse front propagates into the focus. Since the aperture 
of the lens is fully illuminated, typical diffraction patterns on the pulse front can be observed. 
They disappear when we assume a Gaussian spatial shape of the laser pulse as depicted in 
Fig. 12(b), with only 4% of the central intensity at the rim of the aperture. 
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Fig. 12 Radial intensity distribution of the pulse front (40fs) focused by an ideal lens with a NA=0.5 in 
the vicinity of the focal plane )200( µm± . (a) homogeneous illumination of the aperture, (b) Gaussian 
spatial profile with 4% of the central intensity at the rim of the aperture. 
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11 The intensity distributions of all pulse fronts are normalized separately in order to be able to depict 
all of them at once. Therefore, it is not possible to tell the difference of the intensity values between 
different pulse fronts or even different figures. Nevertheless, each pulse front on its own shows the 
calculated structure. 



 We start our exploration with the influence of material dispersion on the focusing 
behavior of ultrashort laser pulses by the example of the microscope objective. From the 
analysis of the spectral phase (Fig. 10(c)) one can expect an almost undistorted pulse front 
but an increased pulse duration, which should be proportional to the amount of material 
dispersion. Exactly this behavior can be found from Fig. 13(a), showing the focusing of the 
laser pulse in the vicinity of the focus )200( mm± . After propagating through the microscope 
objective the pulse duration is 81fs, being twice the original duration. This effect becomes 
even more dramatic when the original pulse duration is reduced further. For example, the 
pulse duration of an originally 24fs-pulse would become five times larger being 116fs [10]. 
The also occurring intensity pattern along the optical axis will be discussed as a side effect 
later on. 
 
 Secondly, we turn our attention to the focusing behavior of the asphere. As noted 
before, this lens causes an increase of the pulse duration in the focal plane as well to about 
89fs. But the major effect here is the chromatic aberration, which causes a distortion of the 
pulse front. The typical horseshoe shape [6] can be observed in Fig. 13(b). Note that the 
pulse duration near the optical axis is longer than at the edge due to the radially varying 
thickness of the lens. For experimental work it is sometimes important to have a flat pulse 
front. Using the asphere, this would occur about  200 mm behind the focal plane, where the 
spatial intensity distribution is not really focused anymore and most part of the pulse energy 
would be wasted. As you can see in Fig. 13(b) an additional pulse occurs, as for the ideal 
lens (Fig. 12(a)), on the optical axis, which is referred to as boundary wave pulse in [6] and 
further described in [11]. We will discuss this as a second side effect in the next section. 
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Fig. 13 Radial intensity distribution of the pulse front (40fs) focused by a (a) microscope objective and 
(b) an asphere in the vicinity of the focal plane )200( mm± . For the microscope objective (a) the pulse 
duration is enlarged due to material dispersion. The pulse focused by the asphere suffers from 
distortion caused by chromatic aberrations.  
 
 Our numerical calculations are based on a linear approach, so self-focusing effects, 
etc., are not taken into account. Nevertheless, for low pulse energy the focusing qualities can 
be estimated and compared to one another, since nonlinear effects and changes caused by 
them are still quite small. Both, the microscope objective and the asphere cause an increase 
of the pulse duration in the focal plane. Fig. 14 shows the temporal intensity distribution 
along the optical axis in the focal plane for both optics and the ideal lens for a pulse energy 
of 1nJ. Although caused by different effects the temporal characteristics are very similar for 
both optics. The maximum intensity drops to about a fourth of ideal focusing [12]. 
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Fig. 14 Temporal intensity distribution along the optical axis in the focal plane of the ideal lens, the 
microscope objective, and the asphere for an original pulse duration of 40fs and a pulse energy of 
1nJ. 
 
 But not only the temporal characteristics are influenced by the optics, the spatial 
distributions are modified as well. For ideal focusing the spatial intensity distribution is an 
Airy-disc, whose diameter (first minimum) is basically determined by the center wavelength 
and the NA. Therefore, such a system is called diffraction limited. In our case, the diameter is 
about 2µm for the ideal lens and for the microscope objective because it is a well-corrected 
achromatic optical system. Owing to chromatic aberrations, the lateral spot size in the focus 
of the asphere is enlarged, as one would expect from Fig. 13(b). The spot is no longer an 
Airy-disc and has a diameter of about 3.7µm. 
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Fig. 15 Spatiotemporal intensity distribution in the marginal (c) and paraxial (a) focal plane and in 
between (b). The pulses are propagating from bottom to top and the marginal and paraxial focal plane 
are about 2mm apart. Notice that the pulse front suffers from distortion caused by severe spherical 
aberrations, which lead to the formation of an additional intensity pattern (Bessel-like pulse). 
 
 Finally, we will analyze the focusing behavior of the planoconvex lens. Due to the 
severe spherical aberrations, not even monochromatic light can be focused well with this 



lens as we mentioned before. In Fig. 15 one can observe what happens to an ultrashort laser 
pulse after propagating through that planoconvex lens. Since the distance between the 
marginal (c) and the paraxial (a) focal plane is about 2mm, we cannot depict the whole 
region at once. For this reason, we show the two focal planes and one in between (Fig. 15). 
If you are interested in seeing the whole sequence of propagation have a look at [10 online] 
to watch an animation of it. 
 As you can see, spherical aberrations lead to the formation of a Bessel-like pulse [13] 
with its typical x-shape. Indeed, there are three different intensity peaks propagating along 
the optical axis between the marginal and paraxial focal plane (Fig. 16). This behavior has 
been observed before in [7], but the explanation given there is in contrast to our findings. 
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Fig. 16 Radial intensity distribution of an ultrashort laser pulse (40fs) focused by the planoconvex lens. 
There are three intensity maximums traveling along the optical axis, explanation is given in the text. 
 
 The first intensity peak (max1) is originating from the paraxial part of the lens being 
only weakly influenced by aberrations and behaving similar to the pulse focused by the 
microscope objective. This intensity peak is directly correlated to the original incoming pulse 
and is therefore influenced by dispersion. It is propagating, as one would expect from a wave 
package, with the vacuum velocity of light c and is focused in the paraxial focal plane. The 
second intensity peak (max2) is a Bessel-like pulse caused by the spherical aberrations. It 
exists between the marginal and paraxial focal plane only. The third intensity peak (max3), 
known as boundary wave pulse, exhibits very special attributes and will be discussed in the 
following section as one of two side effects. The formation of max2 and max3 is very similar, 
so the properties of max2 are not explained in detail here, but discussed following the 
explanation given on the boundary wave pulse in the next section.  
 We just want to point out here, that the radial intensity distribution and the velocity of 
propagation of max2 depend on its position along the z-axis. At the marginal focal plane 
max2 and max3 coincide (Fig. 15(c)) both propagating with the velocity Bv , which is given 
below in Eq.(37). While propagating towards the paraxial focal plane the velocity of max2 
decreases because the effective aperture causing max2 shrinks. At the paraxial focal plane 
max1 and max2 (Fig. 15(a)) coincide, both propagating with the vacuum velocity of light c. 
 
 
Side effects 
 
 We already mentioned the intensity distribution along the optical axis and the 
additional pulse known as boundary wave pulse as the two major linear side effects 
occurring for the focusing of ultrashort laser pulses. Both are of special interest for 
experimental work. Due to our general approach and the high flexibility in calculating the 
propagation of laser pulses in the whole vicinity of the focus, we are able to study these 
effects in more detail now. 
 
 
 
 



Stationary intensity distribution 
 
 The stationary intensity distribution along the optical axis occurring for the microscope 
objective (Fig. 13(a)) is of special interest for applications employing fs-pulses for 
microstructuring of materials. Calculations show that this thin intensity distributions always 
appear when aberrations are not too high. In addition, their appearance and structure are not 
much influenced by the spectral width of a laser pulse. They even occur for monochromatic 
illumination! In Fig. 17(left) the intensity distribution in the vicinity of the focus of the 
microscope objective for monochromatic illumination at 800nm is depicted. Comparing this to 
Fig. 13(a) offers the same thin ripple structure for the intensity distribution along the optical 
axis. 
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Fig. 17 (left) Radial intensity distribution in the vicinity of the focal plane of the microscope objective 

)200( mm±  illuminated with monochromatic light (800nm) showing a stationary intensity pattern along 

the optical axis, (right) stationary intensity pattern illuminated by a pulse before and after the focal 
plane of the microscope objective. 
 
The spacing of two maximums and their positions can be explained introducing Fresnel 
numbers [4]. When calculating the electrical field at an arbitrary point P along the optical axis 
the Fresnel number tells you in how many Fresnel zones your aperture is divided12. The 
Fresnel number N  can be calculated with 
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where zD  is the distance between the aperture and the observation point P on the optical 
axis, Apr is the radius of the aperture and l  is the wavelength. For an even Fresnel number 

each Fresnel zone has got a partner zone with a phase mismatch of p . Thus, all 
contributions to the electrical field at the point P cancel each other due to interference 
(minimum). For an odd Fresnel number, one Fresnel zone is left over and can therefore 
contribute totally to the electrical field in P (maximum). Having a Fresnel number in between 
leaves over a partial zone, which contributes to the electrical field in P, of course, but due to 
the reduced size with smaller amplitude. 
 For polychromatic light, such as pulses, the intensity pattern along the optical axis 
results from the superposition for all spectral components weighted with their spectral 
amplitude. When having a symmetric spectrum (e.g. Gaussian) and a fixed phase 
relationship for all components, estimating the Fresnel number N with the center wavelength 

0l  is sufficient. Since the Fresnel number varies with 1-Dz not only N  decreases with a 

growing distance, but also the modulation of the intensity pattern along the optical axis 

���������������������������������������� ��������
12 All (annular) Fresnel zones have got the same area so they contribute all in the same way to the 
amplitude at the point P. Fresnel zones next to each other have got a phase difference of p. 



becomes weaker. In Fig. 17(right) the intensity distribution for a pulse front before and after 
the focal plane of the microscope objective is depicted. As you can see, the width and the 
distance of two maximums are increasing with the distance zD  from the aperture. 
 Just a short remark: For chirped laser pulses the intensity distribution along the 
optical axis is not totally stationary because the condition for interference underlies a 
temporal variation. Depending on the actual chirp of the pulse, the local intensity can change 
several times from maximum to minimum while the laser pulse passes by. Thus, when 
looking at animations [10 online] the intensity pattern develops in time. 
 In conclusion, we can say that the intensity pattern along the optical axis is caused by 
diffraction of the pulse front at the system aperture only. Therefore, it is an inherent attribute 
of an optical system. The ratio of the intensity along the optical axis compared to the 
maximum intensity of the pulse front in the focal plane dependents on the NA of the system, 
which we explore next. 
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Fig. 18 Maximum intensity reached along the optical axis, pulse energy adapted to same maximum 
intensity in the focal plane (1nJ for NA=0.45 and 18.7nJ for NA=0.1). 
 
 We calculated the local maximum intensity along the optical axis, where diffraction 
leads to a stationary intensity distribution, for two microscope objectives with different NA. In 
Fig. 18 the corresponding intensity distributions are depicted. For a better comparison of both 
optics the pulse energy is adapted so that both distributions have got the same maximum 
intensity. As you can see, the intensity distribution becomes narrower and steeper with 
increasing NA. This behavior can be explained by the decreasing depth of focus for a rising 
NA. 
 While processing transparent material with ultrashort laser pulses streak formation in 
front and after the focus was observed [14]. Those streaks are permanent modifications of 
the local index of refraction, which are very narrow. Our calculations show that especially for 
focusing with low NA optics, as done in [14], a non-neglectable amount of the pulse intensity 
is distributed along the optical axis (Fig. 18). In addition, this intensity distribution is laterally 
very narrow (about 1µm) and could cause a higher local free-electron density, which leads to 
permanent modifications of the dielectric material such as glass [reference to chapter on 
micromachining]. This assumption is supported by the dimensions of the streaks observed in 
[14], which are about 1µm wide and more than 50µm long in front and after the position 
where the optical breakdown occurs. In this region the intensity level is still higher than 70% 
of the maximum intensity on the optical axis. As a first attempt, we suggest focusing with 
higher NA optics to avoid the occurrence of streaks. 
 
 
Additional Bessel Pulse 
 
 The second side effect to be discussed here is the additional pulse occurring while 
focusing ultrashort pulses. This effect has been observed before and is known in literature as 
forerunner pulse or boundary wave pulse [6,11]. Our calculations show that its attributes such 
as velocity of propagation and radial intensity distribution are described very well by 



assuming the additional pulse being a Bessel pulse [15] originating from diffraction on the 
system aperture. Now, what are these Bessel pulses? 
 There exists a group of solutions for the homogeneous wave equation, which are 
named diffraction free [16], because they reproduce their spatial intensity profile along the 
optical axis. The simplest case is given by 
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Thereby 0J  is the zeroth-order Bessel function of the first kind, r  is the transversal distance 

from the propagation axis, and k  is the wave number. Furthermore, b  is the so-called 

axicon angle, which is the angle between the wave vector k
	

 and the optical axis and 
therefore being characteristic for the specific Bessel beam. Due to their two-dimensional 
shape, they are often called x-waves. These x-waves are not just a theoretical construct, but 
observable in experiments [17,18]. Also several methods to generate such x-waves were 
proposed [13]. 
 Since the homogeneous wave equation is a linear differential equation all 
superpositions of Eq.(35) are solutions as well [4]. That is the way so called Bessel-X pulses 
come to live. They can be expressed as 
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Even though it is hard to see here, we want to note that they do not only conserve their 
lateral profile but also their temporal shape while propagating (Fig. 19). Their attributes are 
investigated in detail in [19]. A very interesting feature is their velocity of propagation, 
because it can exceed the vacuum velocity of light c. How does this come? 
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Fig. 19 Radial and axial intensity distribution of the additional Bessel-X pulse. 
 
 The Bessel-X pulse travels as an interference pattern along the optical axis, which is 
illustrated in Fig. 20. As you can see there, this interference pattern originates from the 
superposition of that part of the pulse front, which is diffracted at the rim of the aperture. For 
a better insight into the given situation, Fig. 20 shows the pulse front and the wave fronts 
originating at the rim of the aperture (highest spatial frequency when decomposed by a 
Fourier transformation) at the same time. Notice that at each point along the optical axis 
different parts of the pulse front interfere. Of special interest is its superluminal velocity Bv , 
which depends on the NA of the optical system and is given by 
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Since the additional pulse resulting from the interference is no classical wave package and 
cannot carry information, this is not contradictory to the theory of relativity. 



 
 
Fig. 20 Formation of a Bessel-X pulse as interference pattern along the optical axis for an ideal lens 
(no aberrations). Notice that at different locations along the optical axis different parts of the wave 
fronts cause the Bessel-X pulse. The little star marks the outer end of the wave fronts and the doted 
line indicates the location of the pulse front. 
 
 Fig. 20 shows that for an ideal lens the main pulse is overtaken by the additional 
pulse exactly in the focal plane. Before that point it trails behind the pulse front and 
afterwards it runs away from it. Furthermore, our calculations show that for a fully illuminated 
aperture this additional pulse always appears independent of the actual strength of 
aberrations. Even severe spherical aberrations have no influence on its appearance as we 
have seen for the planoconvex lens (Fig. 16). Additionally, the temporal profile of the Bessel 
pulse is only influenced by the material dispersion of the optical system. The increase of its 
pulse duration is proportional to the dispersion effects along the material path of the outer 
parts of the pulse front within the optical system. This proves again its origin through 
diffraction at the rim of the aperture. 
 Having a Gaussian spatial field distribution in the aperture attenuates the intensity of 
the additional pulse. At a certain width of the Gaussian distribution the additional pulse even 
disappears. In this case, the diffraction on the aperture is too weak for the formation of this 
additional pulse. 
 Chromatic aberrations lead to a delay of the pulse front close to the optical axis, 
which causes a shift of the passing point towards the optical system (Fig. 21 (b)). Therefore, 
it seemed to be a forerunner pulse as reported in earlier papers [6], which is exact only 
behind the focal plane. Knowing this is of special interest for experimental work, where the 
additional pulse could corrupt the results, e.g. in pump-probe experiments. Using a well 
corrected achromatic system for focusing sets the passing point of both pulses close to the 
focus. Doing so should prevent from having a forerunner pulse in the focal plane. 
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Fig. 21 Position of the additional Bessel pulse for (a) the ideal lens and (b) the asphere, where 
chromatic aberrations shift the passing point towards the optical system. 
 
 Looking once again at the focusing behavior of the planoconvex lens, we still need to 
explore the origin of max2 shown in Fig. 16. Similar to the boundary wave pulse its 
appearance can be explained with the formation of a Bessel-like13 pulse. In this special case, 
the formation is caused by the severe spherical aberrations. How can this be understood? 

���������������������������������������� ��������
� � �A Bessel-like pulse mainly has got the same attributes as a Bessel-X pulse. The only difference is 
that it does not conserve its lateral intensity distribution while propagating ± it is slightly diverse. 



 For the boundary wave pulse we know that it is caused by diffraction on the system 
aperture and its velocity is determined by the angle b  and therefore constant. Having 
spherical aberrations means that the focal plane along the optical axis is determined by the 
position the incoming ray passes through the lens. With other words, we can split the lens 
aperture into thin annular apertures all focusing into a slightly different focal plane. Parts of 
the pulse front passing through the outer ring apertures come to focus in the marginal focal 
plane, which is closest to the lens. Then in a row, the inner parts of the pulse front come into 
their focal planes until the part in the very middle focuses in the paraxial focal plane. Doing 
so changes the focusing angle towards the optical axis continuously (Fig. 20) and therefore 
the velocity of propagation Bv  according to Eq.(37). In the marginal focal plane max2 and 
max3 (Fig. 15(c)) coincide, because both have their origin at the aperture rim. Both intensity 
distributions got the same pulse duration too. While propagating along the optical axis max2 
slows down due to the mentioned decrease of the angle b , which causes a separation of 
max2 and max3. In the paraxial focal plane max2 coincides with max1 also propagating with 
the vacuum velocity of light c. Additionally, at this very special point max2 stops existing. The 
concept of thin annular apertures also explains the continuous change in structure for max2 
in contrast to max3, which stays almost unchanged (Fig. 15). Equation (38) shows the main 
structure of the lateral intensity profile. 
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The parameters of the Bessel function are readily adopted into our system parameters with 

Apr  being the radius of the aperture, 0l  the center wavelength and 0f  the focal length for 

0l . As you can see the structure changes with Apr and therefore with a varying effective 

aperture. 
 
 
Alternative focusing concepts 
 
 There are two possibilities of keeping the total amount of dispersion low within an 
optical system. For one thing, you can compensate externally, e.g., GVD with gratings [20], 
GVD and TOD with a combination of gratings and prisms [21] or with grisms [22,23]. For the 
external compensation of fourth order dispersion chirped gratings can be employed [24]. 
Although the methods for external compensation just mentioned were developed for the 
process of chirped-pulse amplification, compensating for effects introduced by focusing 
optics is about the same. The alignment effort with those setups is quite high and additional 
aberrations can be induced easily. 
 For experimental work microscope objectives are widely used when ultrashort laser 
pulses need to be focused. As we have seen such objectives are well corrected when used 
for pulses within the spectral design range. It is also common to compensate for the 
dispersion-induced chirp by pre-chirping the laser pulse using pairs of gratings or prisms. 
Higher orders of dispersion than GVD are usually neglected even though they become 
especially important for very short laser pulses (less than 10fs). 
 For another thing, you can try to keep the total amount of dispersion of an optical 
system as low as possible, so no external compensation is needed. This approach can keep 
alignment effort in experimental work low and therefore prevent from introducing further 
aberrations, which can distort the laser pulse in the focal region additionally. In the following, 
we will explore this second path. 
 
 
 



Reflective optics 
 
 What comes first into ones mind when thinking about dispersion free focusing are 
curved mirrors. They are initially achromatic because the light does not need to travel 
through material. There are several different approaches, but mostly off-axis parabolic 
mirrors are used. Their major disadvantage besides high prices is the difficult alignment of 
such mirrors. When not done properly you can easily introduce high amount additional 
aberrations, especially astigmatism. For focusing with a high NA it is better to use some sort 
of a Schwarzschild objective. This is a well thought out combination of a concave and a 
convex mirror14 designed to provide good quality images. The optical path for such an 
objective is depicted in Fig. 22(left) (Coherent 25-0522, NA=0.5). Because parts of the 
incoming pulse front are blocked by the smaller mirror, the pulse front in the vicinity of the 
focus looks a bit different compared to ideal focusing and is shown in Fig. 22(right). The 
small part of the pulse front on the optical axis is caused by diffraction at the rim of the 
smaller mirror. Such objectives only work well when both mirrors are fabricated and aligned 
very accurately. Therefore, they are also quite expensive. But they are quite flexible in use 
for a broad spectral range. The maximum intensity, which can be reached in the focal plane, 
is close to ideal focusing because the pulse duration stays unchanged. There are little losses 
introduced by the blocking of the middle part of the pulse front by the smaller mirror. For the 
objective shown here the maximum intensity in the focal plane is 93% of ideal focusing. 
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Fig. 22 (left) Layout of a Schwarzschild objective (Coherent 25-0522); (right) radial intensity 
distribution in the vicinity of the focal plane )200( mm± , explanation is given in the text. 

 
 
Diffractive optics 
 
 There is another interesting approach to keep the total amount of material dispersion 
within an optical system low besides using mirrors. Apart from focusing through refraction of 
lenses and reflection of mirrors, it is also possible to exploit diffraction for this purpose. Such 
optics are called diffractive optical elements (DOE) and can accomplish almost any optical 
function realized with refraction [25]. The most famous, but also simplest example is probably 
a Fresnel zone plate [4]. Due to diffraction a DOE has got an inverse dispersion behavior 
compared to glass in the visible, which can be very helpful sometimes. Although for such a 
DOE the increase in pulse duration caused by material dispersion is neglectable, chromatic 
aberrations distort the pulse front severely. For a Fresnel zone plate this is shown in [2] with 
geometrical optics and in [26] with wave optical methods. 

���������������������������������������� ��������
� � �For low NA objectives spherical mirrors can be used. This works quite well, when they are fabricated 
and aligned very accurately. Having high NA objectives aspheric mirrors have to be employed to 
compensate for spherical aberrations. 



 Due to the fact that the dispersion behavior of a DOE differs from a refractive lens, it 
is quite interesting to look at the resulting focusing behavior. Let us assume that our DOE is 
rotational symmetric with a phase function for the design wavelength 0l  described by 
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with r0 being the norm radius. Since the highest order aberrations we have looked at so far 
are chromatic and spherical aberrations we will stick with them. Thus, we only need the first 
two terms of Eq.(39). As a real world example we have chosen the coefficients to be 

 d-14.2287raA1 =  and  -0.0501radA 2 =  [12] offering chromatic aberrations comparable to 
those of the asphere with a small additional amount of spherical aberrations. Later on you 
will see why. In Fig. 23 the phase function of the resulting DOE is depicted for 0l . Applying 

the thin element approximation [27], the phase function shown in Fig. 23 corresponds directly 
to the surface profile of the DOE as well. 
 

 
 
Fig. 23 Radial phase function of the DOE. 
 
Comparing the spectral phase in the exit pupil of the DOE (Fig. 24) to that of the asphere 
(Fig. 11) reveals the inverse dispersion behavior graphically. When you look at the border 
between black and white you can notices an inverse order. 
 

 
 
Fig. 24 Spectral phase in the exit pupil of the DOE showing chromatic aberrations. 
 
 Looking at the intensity distribution of the pulse fronts in the vicinity of the focus offers 
a different situation than for the asphere. You cannot observe the typical horseshoe shape. 
This is due to the extremely low NA of this DOE. Although, this DOE has got the same 
amount of chromatic aberrations and the exact same diameter of 8mm as the asphere, 
diffraction influences light much more than refraction and therefore the resulting focal length 
is about 260mm. This is almost 30 times larger than the focal length of the asphere! So we 
only got very weak focusing combined with an increase of the pulse duration caused by the 
chromatic aberrations. As you can see in Fig. 25 the temporal pulse shape is not symmetric 
anymore and has got a pulse duration of about 56fs. This increase combined with the low NA 
of the DOE reduces the maximum intensity in the focal plane to -28 Wcm105.8´ , which is 
three orders of magnitude less than for the asphere. Although, this is very interesting for 
academic analysis our DOE does not provide a good focusing behavior on its own. We could 
design another DOE with a shorter focal length, but then chromatic aberrations increase so 
much that the pulse duration is extremely enlarged. So there is no advantage in using a 
singlet Fresnel zone plate or DOE for focusing ultrashort laser pulses. 
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Fig. 25 Temporal intensity distribution in the focal plane of the DOE for an incoming 40fs pulse with a 
pulse energy of 1nJ. 
 
 
Hybrid optics 
 
 But how about a combination of a refractive and a diffractive lens in order to take 
advantage of their inverse chromatic behavior? This approach of a hybrid lens was 
theoretically proposed in [28,29]. Both papers follow up an analytical approach with paraxial 
approximation for low NA optics. The general idea of combining a refractive lens with a DOE 
to keep material dispersion low and compensate for aberrations at the same time is great. So 
now, we will see what we can come up with for our purposes. The method for modeling pulse 
propagation into the focal region of optics, which we introduced at the beginning of this 
chapter, is very flexible and can therefore also be used for design tasks. Thus, we want to 
present and discuss a high NA hybrid optics we designed, which combines refraction of an 
asphere with a DOE [12]. The layout and a photo of the fully assembled hybrid optics are 
shown in Fig. 26. 
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Fig. 26 (left) Layout of the hybrid optics consisting of a DOE and an asphere, (right) technical 
realization of the hybrid optics for focusing into fused silica. The round glass substrate carries the 
diffractive structure (DOE). 
 
 Below we will follow the design way for our optics from the very beginning to the end, 
so you can see how this is usually done. The first question to be asked is: What is the optics 
going to be used for? Our focusing optics should work well for the direct writing of waveguide 
structures into fused silica [refer to chapter on micromachining]. In the experiments, laser 
pulses at an 800nm central wavelength with a pulse duration of 40fs are focused into a 
polished fused silica sample approximately mm200  below the surface [30]. Therefore, we 
want to generate a diffraction-limited spot right in that plane. Usually, a 20x microscope 
objective with a numerical aperture of 0.45NA =  is used, which is aberration corrected for a 
coverglass thickness of 0.17mm. Our aim is to have shorter pulses in the focal plane and 
therefore a higher maximum intensity. 
 As previously discussed, the asphere (Thorlabs 350240) we examined is well 
corrected for focusing monochromatic light, but pulses suffer from distortion due to chromatic 
aberrations. Those lead to a deformation, which looks like a horseshoe (Fig. 13(b)). Now the 
question is: Can we undo or compensate for this deformation without introducing another 



lens and thereby increasing the amount of material dispersion? By the way, doing so would 
give us a classical achromatic doublet. Yes, we can by employing a DOE. Since we for our 
part like to use Zemax for the geometrical optics calculations, we also optimize the optical 
design with it. As mentioned earlier ideal focusing means a constant spectral phase in the 
exit pupil. So we aim for this in the optimization process. The parameters we can optimize for 
this purpose are the coefficients of the phase function of the DOE given in Eq.(39). The 
desired DOE turns out to be the one we just discussed (Fig. 23), which offers the inverse 
aberrations for the asphere. 
 

 
 
Fig. 27 Spectral phase in the exit pupil of the hybrid optics. 
 
 In order to check whether the calculated parameters are all suitable, we have a look 
at the spectral phase in the exit pupil of the hybrid optics depicted in Fig. 27. As you can see, 
for all spectral components the phase fronts are almost constant with rp . The only thing we 
cannot compensate for with this approach is the material dispersion of the asphere. This 
shows up as a slight variation with the frequency w . Nevertheless, this is a good design 
because it is well corrected for aberrations and has got much less material dispersion than a 
microscope objective (Fig. 10(c)). 
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Fig. 28 (left) Radial intensity distribution in the vicinity of the focal plane of the hybrid optics 

)200( mm±  for a 40fs pulse, (right) temporal intensity distribution in the focal plane of the hybrid optics 
compared to the asphere, the microscope objective and ideal focusing for a pulse energy of 1nJ. 
 
 These qualities can be found again when looking at the focusing behavior in the 
vicinity of the focus in Fig. 28. As one can see, the hybrid optics enlarges the pulse duration 
only slightly to 45fs. As a consequence of an increasing pulse duration thereof, the peak 
intensity decreases a little. But the focusing behavior is very close to ideal focusing. This 
behavior was also proven in experiments and compared to the microscope objective and the 
asphere. For this purpose, two identical copies of each focusing optics were lined in a 
confocal arrangement. Thus the collimated beam coming from the laser system passes the 
optics and is collimated again for a spectral phase interferometry for direct electric field 
reconstruction (SPIDER) [refer to chapter on pulse measurement] measurement15. Since 
���������������������������������������� ��������
15 For the SPIDER measurement a complete, calibrated standalone system from APE is used. For the 
internal generation of the two pulse replicas an etalon is employed, which ensures a constant delay. 
Therefore, the error bars specified for the pulse durations are determined by the temporal fluctuation 
of the measurement, mainly caused by the shot-to-shot fluctuation of the laser system itself. 



there is no good way of measuring the pulse duration directly in the focal plane so far, this 
method of evaluating the influence of the optics on an enlargement of the pulse duration 
works well. Because of the double passing of the optics, their influence on the pulse duration 
is more significant and can be measured easily. Owing to the method used, all measured 
laser pulse profiles are normalized. The original laser pulse has a duration of 40� 2fs. After 
the hybrid optics, a 52� 2fs pulse duration is measured. Assuming that both optics are totally 
equal, a pulse duration of about 46fs in the focus can be recalculated, which matches the 
prediction of the numerical calculations quite well. For the microscope objectives, a duration 
of 126� 2fs is measured, which means a pulse duration of about 83fs in the focus, and this 
fits well with the calculations, too. Additionally, this measured temporal intensity profile (Fig. 
29) shows a dip in the center. The dip results from an initial spatial chirp of the laser pulse 
caused by the laser system, and this effect is enhanced by the temporal chirp of the laser 
pulse due to the high material dispersion of the microscope objective. Since the internal 
dispersion of the hybrid optics is much lower, the initial spatial chirp of the laser pulse does 
not influence the temporal pulse shape in its focus. 
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Fig. 29 Pulse durations measured experimentally with SPIDER for the microscope objective, the 
asphere and the hybrid optics after double passing of the optics. 
 
 Finally, we want to mention another great advantage of employing DOEs in optical 
design for ultrashort laser pulses. It is not only possible to compensate chromatic aberrations 
very easily, we can also add any optical function within this DOE when needed. Thus, 
focusing into arbitrary depths of different material is no problem anymore16. Above that, it is 
feasible to employ temporal and spatial shaping of the pulse front itself as well. So maybe for 
experimental work it is more suitable to have an annular shaped intensity distribution in the 
focal plane instead of a simple spot. Maybe you wish for a very special temporal intensity 
distribution or you like combining both. Employing the fundamentals revealed in this chapter 
there are lots of possibilities! 
 
 
Problems 
 
1. At the very beginning of this chapter an expression for the increased pulse duration GVDt  

of a Gaussian laser pulse, which is caused by group velocity dispersion (GVD), is given 
(Eq.(1)). Derive this formula! Solve the Fourier integral given by  

wwwjw dtizyxizyxSzyxtE )exp()],,,(exp[),,,(),,,( 

¥

¥-

µ  

with adequate expressions for the spectral amplitude and phase. Notice that for the FWHM 
only the envelope of the laser pulse is of interest. 
 

���������������������������������������� ��������
16 Since microscope objectives are corrected for a cover glass thickness of 170µm this is a common 
depth for introducing material modifications. 



2. Due to the spectral width of a laser pulse it is not obvious at first sight what size a 
diffraction-limited focal spot would have. Compare the wavelength dependency of the spot 
size of two 100fs laser pulses, one centered at 3µm and one at 400nm, when focused with a 
microscope objective (NA=0.5). What can you conclude about the significance of this effect? 
What do you suggest as an approximation for the lateral size of the focus? Do your 
considerations still hold for a 5fs laser pulse centered at 400nm? To simplify matters, 
calculate with the FWHM-wavelengths of a transform-limited Gaussian spectrum. What 
changes do you expect when the generated pulses are no longer transform-limited and have 
not got a Gaussian shaped spectrum, as so often in practical lab work? 
 
3. Calculate the enlargement of the focal region caused by chromatic aberrations for the 
plano- and biconvex lens made of BK7 and the asphere* for a 40fs Gaussian laser pulse 
centered at 800nm. Compare your results to their Rayleigh ranges at the center wavelength. 
When analyzing the dependency of both parameters (enlarged focal region, Rayleigh range) 
on the focal length and the numerical aperture (NA), for what kind of lenses does this effect 
primarily determine the length of the focal region? What influence do the pulse duration and 
the center wavelength have? 
 
4. Determine the increase of the pulse duration in the focal plane due to PTD for the plano- 
and biconvex lens made of fused silica for a 10ps, 40fs and 5fs laser pulse centered at 
400nm. Compare these results to the increase of pulse duration caused by GVD in the 
center of the lenses. What changes due you expect for real world lenses? 
 
5. Due to PTD the pulse front is not flat in the focal plane. For normal dispersion it changes 
its shape from convex to concave some distance LD  behind the focal plane. Moreover, in 
this plane the phase front has got a radius of curvature of LD .  
(a) Derive this analytical expression for LD  as given in the text by Eq.(10). 
(b) Calculate the distance LD  for a 40fs laser pulse centered at 800nm focused with the 
asphere (Thorlabs 350240), which is discussed in this chapter. Compare your result to Fig. 
13(b). What do you think is the main reason for the discrepancy? Give reasons. 
 
6. In this chapter the special attributes of the additional Bessel pulse are discussed. Due to 
chromatic aberrations the additional pulse overtakes the pulse front before passing the focal 
plane as shown in Fig. (21). 
(a) Derive an analytical expression for the distance plD  of this passing point from the focal 

plane. 
(b) For the asphere the passing point of the additional Bessel pulse and the pulse front (40fs 
laser pulse centered at 800nm) is known from numerical computation ± the distance plD  is 

about mm260  (NA=0.5). Calculate the distance plD  with the expression derived above and 

compare the results. Why do the two results (not) agree with each other? 
 
7. At the end of this chapter a confocal alignment for measuring the enlargement of the pulse 
duration induced by different focusing optics is presented. This setup is a special case of a 
Keplerian telescope with magnification 1== ocularobj ffM . Due to chromatic aberrations a 

flat pulse front is no longer flat after passing through this setup. 
(a) Determine the PTD as a function of the magnification 1221 rrffM ==  and the radial 

coordinate 2r  of the second lens. For small NAs the curvature of the pulse front can be 
approximated as a sphere. Derive an analytical expression for this radius of curvature. To 
simplify matters assume that both lenses are made of the same material. 
(b) Calculate the PTD along the optical axis and the radius of curvature for a 40fs laser pulse 
centered at 800nm passing a Keplerian telescope ( 1³M ), which is built up with the plano- 
and biconvex lens made of BK7. (Assume that the second lens is fully illuminated.) What 
changes do you expect when the magnification M  needs to be stronger? Which lens would 



you replace and why? What effects do you expect for the opposite case with 1£M  
(downscaling of the beam diameter)? 
(c) Conceive a setup of two singlet lenses offering the same magnification M  as above, but 
reducing the PTD and therefore increasing the radius of curvature as much as possible. 
Calculate the according parameters as in (b) and compare them. What can you conclude for 
practical lab work? 
 
8. Throughout this chapter you have read about refractive, reflective and diffractive optics, 
and even their hybrid combination. Suggest possible solution for the following design task: 
Imagine that there is some sort of experiment, which requires a train of three pulses, which 
should be 50fs or less in the focal plane. The interval of two pulses needs to be a 100fs, 
which is definitely shorter than what the repetition rate of the laser system (TiSa oscillator 
operating with 80MHz, generating 40fs laser pulses, 10mm beam diameter FWHM intensity) 
offers. For the first part of the experiment all pulses should offer about the same intensity in 
the focal plane. For the second part the intensity in the focal plane should rise about 20% 
from one pulse to the next . Since this is a real world problem there is more than one solution 
for both optics. Keep in mind that for practical lab work it is an advantage to have as few 
elements to align as possible. 
 
BK7    fused silica   C0550 
l [nm]      n   l [nm]      n   l [nm]      n 
790 1.51097716  390 1.47125214  790 1.59680207 
795 1.51087606  395 1.47067274  795 1.59666869 
800 1.51077623  400 1.47011612  800 1.59653738 
805 1.51067763  405 1.46958102  805 1.59640810 
810 1.51058023  410 1.46906629  810 1.59628080 
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asphere 

The higher order parameters of the asphere surfaces can be 
neglected - for our purposes here it is sufficient to approximate 
the surfaces as spheres. This lens is made of C0550. 
*Even though some of the analytical expressions needed for 
this problem are valid in paraxial approximation only, the results 
are in the right order of magnitude. 
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