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Heat current fluctuations in quantum wires
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Noise in the thermal current through a ballistic quantum wire is considered both for noninteracting and
interacting particles. It is shown that for a perfect quantum wire the equilibrium thermal~Johnson-Nyquist!
noise does not depend on the statistics of the heat carriers. In contrast, the nonequilibrium noise, produced by
the temperature difference between the heat baths, is different for fermions and bosons. The general expres-
sions which are obtained, are used in calculations of the noise power of the thermal current through a Luttinger
liquid wire connected to reservoirs of noninteracting electrons.

DOI: 10.1103/PhysRevB.64.233304 PACS number~s!: 72.10.Bg, 73.23.2b, 85.35.Be
m

tio
an
d
d

on
e
r
a
ha
t
r

tu

c-

c-

um
a

12
r
th
m
u

-
ar
ise
r

-
i-
e

ef

ns
e
ring
nic
rs
-

on-
n-

ise

e
rob-
of

e

nt

ely.

ght
I. INTRODUCTION

While electric current fluctuations in mesoscopic syste
are theoretically well studied~see reviews in Refs. 1 and 2!,
less attention has been paid until quite recently to fluctua
phenomena in the thermal transport through conducting
dielectric quantum wires. A theory of electronic an
phononic heat transport through point contacts has been
veloped in the mid-1980s using the kinetic equati
approach.3,4 Thermoelectric effects in ballistic wires can b
described5 within the framework of the Landauer-Buttike
formalism,6 and employing this approach electronic he
transport in two- and three-dimensional quantum wires
been considered.7–9 Recently the problem of ballistic hea
transport was reexamined and applied to phonon ene
transport in suspended dielectric wires,10–12 and to plasmon
transport in a Luttinger liquid.13,14 Experimental attempts to
measure heat transport in dielectric wires in the quan
regime ~see Ref. 10 and references therein! resulted in
observation15 of the quantized value of the thermal condu
tanceK0(T)5(p2/3)(kB

2T/h) ~T is the temperature andkB is
the Boltzmann constant! in a suspended dielectric nanostru
ture.

Most theoretical studies of heat transport in quant
wires dealt mainly with the mean-energy current. Fluctu
tions in the phononic current were considered in Ref.
where a general expression for the variance of the ene
current has been derived. In this paper we investigate
noise in the heat current for Fermionic and Bosonic syste
in the Landauer-Buttiker approach. We show that the eq
librium thermal ~Johnson-Nyquist! noise in a perfect quan
tum wire does not depend on the statistics of the heat c
ers. In contrast, we find that the nonequilibrium no
produced by the temperature difference between the heat
ervoirs ~hot and cold leads! is different for bosons and fer
mions, and that the contribution of the ‘‘Fermionic’’ nonequ
librium noise to the thermal noise is positive while th
‘‘Bosonic’’ contribution is negative~for a similar behavior
pertaining to the noise power of the electric current see R
2 and 16!. At all temperatures the nonequilibrium noisePDT
is much smaller than the Johnson-Nyquist noisePJN–even in
the most favorable situation,uPDTu/PJN<0.3 for bosons and
PDT /PJN<0.1 for fermions.
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As an example, we consider thermal current fluctuatio
in a Luttinger liquid~LL ! wire adiabatically connected to th
electron reservoirs. In the absence of electron backscatte
heat is transported in a LL by neutral noninteracting Boso
excitations~plasmons!. By modeling the leads as reservoi
of one-dimensional~1D! noninteracting electrons we calcu
late the noise power of the heat current through a LL c
striction, and show that it is dominated by the Johnso
Nyquist noise generated by the leads.

II. THERMAL AND NONEQUILIBRIUM NOISE
IN QUANTUM WIRES

Current fluctuations are characterized by the no
power1,2

P~v!52E
2`

`

dt•eivt^DI ~ t !DI ~0!&, ~1!

whereDI (t)5I (t)2 Ī ; here Ī is the average current and th
angular brackets indicate an ensemble average. In our p
lem I (t) denotes the energy current operator. With the use
scattering theory,1,2 it is straightforward to represent th
noise power of the thermal current fluctuations atv→0 in
the form @for an analogous formula for the electric curre
noise see Eq.~61! in Ref. 2#

PQ
~ f ,b!5

1

p\ E
0

`

dE~E2m f ,b!2$Tt~E!@ f L
~ f ,b!~17 f L

~ f ,b!!1 f R
~ f ,b!

3~17 f R
~ f ,b!!#6Tt~E!@12Tt~E!#

3~ f L
~ f ,b!2 f R

~ f ,b!!2%. ~2!

Here Tt(E) is the transmission coefficient,f L,R
( f ,b) is the dis-

tribution function of fermions~f ! or bosons~b! in the left ~L!
and right~R! heat baths~leads!. The upper and lower signs in
Eq. ~2! correspond to Fermi and Bose statistics, respectiv
In deriving Eq.~2! we neglect forkBT!m f the temperature
dependence of the chemical potentials in the left and ri
leads,mL ,R, and take them to be equal, i.e.,mL.mR[m f .
For neutral bosons~e.g., phonons, plasmons! mb50.
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The first two terms inside the square brackets in Eq.~2!
represent the equilibrium~Johnson-Nyquist! noise.2,17 They
can be rewritten in terms of the thermal conductance, i.e

PJN52kBTL
2K ~ f ,b!~TL!12kBTR

2K ~ f ,b!~TR!, ~3!

where the thermal conductanceK(T) is given by5

K ~ f ,b!~T!5
1

hT E0

`

dE~E2m f ,b!2S 2
] f ~ f ,b!

]E DTt~E!. ~4!

It is of interest to note that for an energy-independ
transmission probabilityTt the thermal conductance and th
Johnson-Nyquist noise@Eq. ~3!#, do not depend on the sta
tistics of the carriers,18,19and they can be expressed in term
of the universal quantum of thermal conductance,K0(T).

The last term in Eq.~2! describes the nonequilibrium
noisePDT . It vanishes when the temperatures of the left a
right heat baths are the same,TL5TR . For electric current
fluctuations the analogous term in the noise power is ca
shot noise. It can be separated by settingTL,R→0 and apply-
ing nonzero bias voltage,VÞ0. In our case the nonequilib
rium transport is produced by finite temperature differen
DT5TR2TL . It is evident that the nonequilibrium nois
PDT is small for a small temperature difference,PDT
;(DT)2.

To estimate the contribution ofPDT to the total noise
power we assume that the transmission coefficient does
depend on energy. One can expect a maximal effect of
nonequilibrium state whenTL(R)@TR(L) , and in this case

PQ
~ f ,b!.PJN~T!$16~12Tt!Af ,b%, ~5!

whereT is the temperature of the hot lead, andPJN(T) is the
corresponding thermal noise given by Eq.~3!. In Eq. ~5! the
upper sign corresponds to fermions and the lower sign
bosons. The factorAf ,b determines the maximal contributio
of the nonequilibrium noise to the total noise power

Af5211
9

p2 z~3!.0.1, ~6!

Ab512
6

p2 z~3!.0.3, ~7!

wherez(x) is the Riemann zeta function@z(3).1.2#. We
observe that the nonequilibrium noise, in contrast to
Johnson-Nyquist noise, depends on statistics~see also Refs
2 and 16!. For Fermi statistics a large temperature differen
slightly increases the noise power and it diminishes the n
for Bose particles. However, the effect is small—it is alwa
smaller than 30% for bosons and 10% for fermions. In pr
ciple the nonequilibrium noisePDT

( f ,b) could be measured in
situation when one can control the transmission probab
Tt .
23330
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III. THERMAL CURRENT FLUCTUATIONS
IN A LUTTINGER LIQUID

We consider next thermal current fluctuations in a 1
interacting electron system described by the Luttinger liq
theory. It is known that for a perfect LL~without impurities!
the electric current atT→0 is noiseless.20 The same is true
for a LL wire smoothly connected to the leads~see Fig. 1!.
Since, on the other hand, the heat current through a LL w
will always fluctuate because of the unavoidable therm
noise generated by the hot connected reservoirs~leads!, we
explore in the following whether such noise could be su
pressed in a strong nonequilibrium situation.

In a LL without local scatterers heat is transported
neutral noninteracting Bosonic excitations~plasmons!,21 and
we may use Eq.~2! to evaluate the noise power of the ener
current. In contrast to electrons, plasmons are backscatt
even by adiabatic leads,13,14 and in the limit of strong repul-
sive interactions the backscattering of plasmons with wa
lengthl,L ~L is the size of LL wire! is strong at the bound
aries and the heat conductance is small. Consequently
may expect that nonequilibrium noise could diminish t
thermal noise provided thatTL(R)@TR(L) .

A quantitative estimate of the noise power can be o
tained by modeling the leads as 1D noninteracting Fe
gases. In this case the transmission coefficient for the p
mons can be obtained by matching the wave functions of
plasmons~plane waves! at the boundaries between the L
wire and the electron reservoirs~Fermi liquid!. Because of
the mismatch of the velocities of plasmons in the leads (vF)
and in the LL wire (s.vF), the plasmons are backscatter
at the transition region between the Fermi liquid and
Luttinger liquid and the heat transport through the system
suppressed. The effect is analogous to the Kapitza resist
~see, e.g., Ref. 22!. The transmission coefficient for the pla
mons in our model reads14

Tt~«!5Fcos2S «

DL
D1

1

4 S g1
1

gD 2

sin2S «

DL
D G21

. ~8!

Here DL5\s/L is the characteristic low-energy scale,s is
the plasmon velocity,g5vF /s is the parameter which char
acterizes the strength of electron-electron interactions~the
LL correlation parameter!, vF is the Fermi velocity, and«
5E2EF . Results for the dependence of the equilibriu
(PJN) and nonequilibrium (PDT) contributions to the total
noise power of the thermal current (PQ) on the temperature

FIG. 1. Schematic of a Luttinger liquid~LL ! nanowire of length
L connected to Fermi liquid~FL! reservoirs kept at different tem
peratures and bias voltages.
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difference between the two leads, calculated from Eqs.~2!
and~8!, are displayed in Fig. 2 for different values of the L
correlation parameterg ~we choosekBT/D050.5 with D0
5gDL andTL5T!. The relative contribution of the nonequ
librium noise ~the ratio uPDTu/PJN plotted in the inset! in-
creases in wires with stronger electron-electron interacti
~smaller values ofg!. We note that, as discussed above,

FIG. 2. The contribution of the equilibrium (PJN) and the non-
equilibrium ~PDT , in the gray part of the figure! noise to the total
noise power of the thermal current,PQ5PJN1PDT , in a LL con-
striction. PJN and PDT were normalized by a characteristic valu
PD[2pD0

3/3\ (D05\vF /L). The plots in Fig. 2 correspond t
kBT/D050.5, with TL5T, TR5T1DT. The inset shows the ratio
uPDTu/PJN for different values of the LL electron-electron intera
tion strength parameterg as a function of the fractional temperatu
differenceDT/T.
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nonequilibrium noise (PDT) is much smaller than the equ
librium one (PJN). The specific form of the energy depen
dence of the transmission coefficient, Eq.~8!, results in an
additional suppression ofPDT ~by a factor 2! in comparison
with the maximum nonequilibrium noise given by Eqs.~5!
and ~7!. Consequently, in a LL constriction the equilibrium
thermal noise dominates the energy current fluctuations e
in the situation (TR[T1DT@T[TL ,g!1) when one
could expect noticeable contributions fromPDT to the noise
power.

IV. SUMMARY

In summary, we have shown that while the equilibriu
thermal ~Johnson-Nyquist! noise in perfect quantum wire
does not depend on the statistics of the heat carriers,
nonequilibrium contribution to the total noise power is d
ferent for fermions than for bosons, with the former enha
ing the noise power and the latter diminishing it; in bo
cases the nonequilibrium contribution is small relative to
equilibrium noise. We have shown~Fig. 2! for a Luttinger
liquid wire connected to 1D noninteracting Fermi-gas lea
that while the relative contribution of the nonequilibriu
thermal noise increases~relative to the equilibrium noise
PJN! for a system with stronger interaction~see inset in Fig.
2!, the total noise power is dominated by the equilibriu
thermal noise even for a large temperature difference
tween the heat reservoirs~leads!.
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