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Interelectron interactions and correlations in quantum dots can lead to spontaneous symmetry breaking of
the self-consistent mean field, resulting in the formation of Wigner molecules. With the use of spin-and-space
unrestricted Hartree-FoclsS-UHB calculations, such symmetry breaking is discussed for field-free condi-
tions, as well as under the influence of an external magnetic field. Using as paradigms impurityatoped
as the limiting case of cleatwo-electron quantum dotsvhich are analogs to heliumlike atojm# is shown
that the interplay between the interelectron repulsion and the electronic zero-point kinetic energy leads, for a
broad range of impurity parameters, to the formation of a singlet ground-state electron molecule, reminiscent
of the molecular picture of doubly excited helium. A comparative analysis of the conditional probability
distributions for the sS-UHF and exact solutions for the ground state of two interacting electrons in a clean
parabolic quantum dot reveals that both of them describe the formation of an electron molecule with similar
characteristics. The self-consistent field associated with the triplet excited state of the two-electron quantum dot
(clean as well as impurity dopgéxhibits a symmetry breaking of Jahn-Teller type, similar to that underlying
formation of nonspherical open-shell nuclei and metal clusters. Furthermore, impurity and/or magnetic-field
effects can be used to achieve controlled manipulation of the formation and pinning of the discrete orientations
of the Wigner molecules. Impurity effects are futher illustrated for the case of a quantum dot with more than
two electrons.

I. INTRODUCTION nuclei, metal clusters, and natural atoms, to 2D QDige
demonstrate the ability to control the orientation and to ma-
Two-dimensional(2D) quantum dot4QD’s), created at nipulate(i.e., to enhance, but also to counteract and even to
semiconductor interfaces with refined control of their sizevoid) the formation of the electron molecules ie ®D’s via
shape, and number of electrons, are often reféffe as  impurity and/or magnetic-field effects. The ability to control
“artificial atoms.” This analogy suggests that the physics ofthe orientation of the electron molecule may in principle
electrons in such manmade nanostructures is closely relategben new possibilities for designing “on-offli.e., switch-
to that underlying the traditional descriptfbof natural at-  ing between two discrete stajedevices, which eventually
oms (pertaining particularly to electronic shells and the Auf- may be employed in applications of QD’s as nanoscale logic
bau principlé, where the electrons are taReto be moving  gated! (the effect of impurities on the structure of multielec-
in a spherically averaged effective central mean fielMF).  tron molecules in QD’s with more than two electrons is fur-
However, using as paradigms impurity-dogdes well as the ther illustrated in Appendix A
limiting case of cleaptwo-electron QD (2 QD) analogs to That electrons in extended media may undergo crystalli-
He-like atoms, we show that the interplay between the interzation at low densities, whe® dominates overK, was
electron repulsior{Q) and the electronic zero-point kinetic predicted? by Wigner in 1934. Such Wigner crystallization
energy(K) may lead, for a broad range of impurity param-in clean QD’s results in the formation of electron
eters, to spontaneous symmetry breakiS@) of the self- molecule$®® [also referred to as Wigner molecules
consistent mean field, resulting, at zero magnetic fi@d ( (WM'’s)], which are associated with spontaneous SB, where
=0), in the formation of a singlet ground-state electron mol-the symmetry of the ground state, calculated at the mean-
ecule. Such SB is beyond the CMF picture and, while negfield (self-consistent-potentinllevel, is found to be lower
ligible in the ground state of the He atofwhose study was than that of the exact Hamiltonian describing the
central to the development of the quantum theory of mattesystem*’*° In clean QD's, formatiof of WM's is
due to the failure of the Bohr-type mod8lsit is similar in  controlled®? by the parameteR,,=Q/K. For a parabolic
nature to the SB fourfdin the 1970s in doubly excited He, confinement{with frequencyw,) atB=0, it is customary to
where the formation of ae-He?*-e “triatomic” molecule  takeQ=e?/kl, andK=%w,, Wherex is the dielectric con-
was invoked. Furthermore, we show that symmetry breakingtant, and ,= (#/m* w,)*?is the spatial extent of the lowest
atB=0 of the self-consistent field associated with the tripletstate’s wave function of an electron with an effective mass
excited state of the € QD originates from a Jahn-Teller m*; WM’s occurt® for Ry>1, corresponding to much
distortion of the CMF, similar to that underlying formation higher electron densiti€s'®than those predicted for WC in
of nonspherical open-shell nucléiand metal clusters!® an infinite 2D mediunt?
Along with a unification of concepts pertaining to spon- The many-body Hamiltonian for a QD witN, electrons
taneous SB in a variety of finite fermionic systerfiom  can be expressed as a sum of a single-particle part and the
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two-particle interelectron Coulomb repulsion: ity is lost, and finding an exact solutithbecomes signifi-
cantly more complicateteven for two electrons in the pres-
Ne g2 ence of a central impurijy Therefore, and also in order to
]Zi F” oy expound the physipal principles. underlying spontaneous
symmetry breaking in QD’s, we will mostly use in the fol-
The contributions to the single-particle part are written as lowing (Secs. Il and Il and Appendix Athe self-consistent
spin-and-space unrestricted Hartree-FocksS-UHB
H(i)=Ho(i) +Hg(i)+V,(i), (20 method® which, unlike the restricted HFRHF) method®%32
allows for the formation of broken-symmetry stateslower

and they contain a term describing the motion of an electron ) . .
in a 2D parabolic confinement, i.e.Ho(i)zpiZIZm* energy than those obtained via the RHF mejhddhis sS-

. UHF method, which we introduced for studies of QD’s in

m* wo(X] +Y7)/2, wherew s the frequency of the 2D Ref. 16, employN, (whereN, is the number of electrohs
isotropic harmonic confining potential. Magnetic-field ef- orbi.tal-c,ie d € NPT : .

: : S ) " pendent, effectivémean-field potentials, and it
feCt*S aée I/r;lcludeg mHBh(')_[(pi_eAi/C) _.pli ,]A{ZTB differs from the usud? RHF method in two waysl(i) it
+g ;’“B /'S ! Wk ere Le vector. potential, di_h | relaxes the double-occupancy requirement, namely, it em-
(—yi .Z’X‘ 20) ista enin t € syrr_Imetnc gauge, an the aSthoys different spatial orbitals for the two differefite., the
term is the Zeeman interaction with an effective fagdrS up and dowi spin directiongthus the designation “spife)
is the electron spin, andg the Bohr magneton. To include

L o . unresricted’; and (ii) it relaxes the requirement that the
the effect of(Coulombig impurities, we added téi(i) the  giactron orbitals be constrained by the symmetry of the ex-

term V(i) =(e/<) 2, Q /[ri—Ry| (i=1,... No), where Q;  terna| confining fieldthus the designation “spad&) unre-

is the charge of théth impurity located atR,;=(x;,y,,d)); stricted”].

such impurities, which |n.general may be situated out pf the Subsequent to our discussion of symmetry breaking and

2D plane of the QO(that isd,#0), may correspond 10 im-  ormation of electron molecules in the framework of the sS-

planted atomsgdonors or acceptoy®r represent a fabricated, UHF method, we elaborate in Sec. IV on the connection

controllable voltage_ ga’ge. i L between the symmetry-broken sS-UHF solution and the ex-
A clean QD(that is withQ, =0 in the above Hamiltonian — act one in the case of a cleae ®D with B=0. In particu-

may be regarded as a realization of the Thomson atom, as af&  analysis of the exact solution using the conditional-

jellium models of metal clusterS,where the positive charge probability-distribution techniqu reveals the formation of

is uniformly distributed; in the & Thomson QIXTQD), the 51 glectron molecule, in agreement with the sS-UHF result.
confinement to the 2D plane is modeled by a parabolic po-

tential. On the other hand, a QD analog of the Rutherford
model of the atom(RQD), where the positive charges are
grouped in a single nucleus, can be achieved through the
introduction of a central attractive impurityn addition to
the harmonic confinement To introduce some of the principal physical and method-
The presence of many free parameters in Efjsand(2)  ological issues pertaining to symmetry breaking and forma-
results in a plethora of possible case studies generated hipn of Wigner molecules in finite fermion systems, we first
varying the material-dependent parametetsapdm*), the  discuss the € TQD at B=0 [we remind the reader that a
harmonic confinemenb, and the magnetic fiel®, as well  sufficiently high value oR,,(=2.39) was chosen, such that
as the number of impuritids their charge<, , and positions  the QD is in the regime where the two electrons form a WM;
R, . In this paper, we have chosen to discuss the followindor the other parameters used throughout this paper, see Ref.
three representative classes of cases at a specific value 28]. The single-particle wave functionenodulus squape
Rw=2.39, which is sufficiently high so that the electrons and total electron densities displayed in Fig.1 are taken from
form'® a WM in the case of a clean QD, thus allowing for calculations for the 2 TQD in the presence of two attractive
systematic investigations of the effects of impurities on thempurities (Q,=Q,=—1e, represented in the figure by
formation, orientational pinning, and structural distortions offilled dots on the two sides of the Qbcated symmetrically
the electron moleculeor the other parameter values used about the center of the QD at,fy,z) = (+ 60,0,10) nm, with
throughout this paper, see Ref.)23he three representative the strength and location of the impurities purposefully cho-
classes, which we discuss, diea 2e TQD atB=0 in the  sen such that they will not affect the nature of the electronic
presence of two off-centered impurities situated on bothground stategfor the same QD but without the impurities
sides of the dofSec. I); (i) a 2e RQD (with a single at- except for orientational pinning in the case of symmetry-
tractive central impurityin the presence of an applied mag- broken stategsee below:.
netic field (for both the cases of a weak and a strong field, First constraining the solution to maintain the symmetry
Sec. lll); and (iii) a QD with eight electrons @&=0 and a  of the Hamiltonian, in conjunction with double occupancy of
single impurity with varying strength, polarity, and location the HF orbitals by electrons of opposite spjtigat is through
(Appendix A). the use of the RHF method with input trial electron densities
For the case of a cleane2QD, with the Hamiltonian satisfying the symmetry of the external potentifllsthe re-
given by Egs.(1) and(2) with No=2 andV,=0, the exact sulting symmetry-adaptedSA) self-consistent singletS)
solution can be found quite easft§;;*®owing to the separa- orbitals and corresponding total-density distributions exhibit,
bility of the Schralinger equation in the center-of-mass andas expected, an almost circular symmetry with minimal el-
relative coordinates; in the presence of impurities, separabiliptical distortions (due to the impurities[see Fig. 1a)];

Ne N
H=i§1 H(i)+ 2,

e
=1

II. THOMSON QUANTUM DOT WITH OUTSIDE
IMPURITIES
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that the 2 WM is orientationally pinned along the interim-
purity axis. Similar formation of a WM also occurs for & 2
TQD without the pinning impuritiegwith an energy gain of
1.32 meV compared to the corresponding SA solytion
However, in the absence of pinning, the formation of the
WM is accompanied by orientational degenerdoghat is
there is an infinite manifold of rotationally degenerate sS-
UHF ground states

The formation of a fermionic molecule, associated with
electron localization, in the ground state of a QD under
magnetic-field-free conditions does not have an analog
within the framework of the traditional models of atomic
structure’ However, the physics underlying this phenom-
enon, which is a manifestation of SB resulting from strong
electronic correlationgalso see Sec. IV belowclosely re-
sembles that found in doubly excited two-electron atoms.
Indeed, spectroscopical studies on doubly excited helium at-
oms revealed rovibrational bands which were interpreted,
borrowing from models developed in the context of nuclear
and molecular physics, by invoking the formation of a “tri-
atomic” molecule comprised of the two localized electrons
and the H&" nucleus ¢ particle, with the collinear con-
figuration being of particular significanée.

The first electronically excited state of the ZQD is the
triplet 7 state(with the spins of the two electrons parallel to
each other whose total electron density distributigfig.
1(c), left] resembles that of the ground-state sindl€ig.
1(b), left]. However, the individual electronic wave functions
in the 7 state differ in character from those of tkiestate

for the clean(Thomson 2e TQD atB=0, in the presence of two [compare right _pangls in Figs(@ a_md ](b)]_' with the lower-
attractive Q,= Q,= — 1e) impurities whose projected positions on €N€rgy one being like (but elliptically distorted, and the
the QD plane Xy) are denoted by filled circle¢a) The symmetry- other being g-like orbital oriented by the impurities along
adapted RHP) singlet (S). The energy of the SA singlet tigher the x axis. Note that thel state has the symmetry of the
by 1.34 meV than that of the corresponding triplet, manifesting aHamiltonian, including the two pinning impuritieghat is,
shortcoming of the RHF methotb) The sS-UHF Wigner-molecule here the sS-UHF solution coincides with the symmetry-
singlet, orientationally pinned along the interimpurity axis and ex-adapted one The same orbital characters are also obtained
hibiting localized orbitals, one to the left and the other to the rightin the absence of pinning impurities, but without a preferred
of the QD middle; note the lack of reflection symmetry of the indi- orientation. In this case, however, the character offistate
vidual orbitals about the mirrory@z) plane normal to the inter- s a result of spontaneous SB, with an energy gain of 0.09
impurity axis and passing through the QD’s center. When the WMmeV compared to the corresponding $@rculan solution.
singlet is rotated byr/2, the energy of the system rises by 0.58 Underlying the type of spontaneous SB in tlopen-she)l 7
meV. (c) The triplet (7) state with an elliptically deformegtlike  state of the 2 TQD is the Jahn-TelleJT) effect®® where a
qrbital and ap,-like orbital, orientationally p_inned_by the impuri- lowering of the total energy is achieved via mixing of the
ties. The energy of the symmetry-broken singletbhis lower by twofold degeneraten=+1 (p,) andm=—1(p_) angular
0.28 meV than that of the triplet ift), compared to 0.43 meV for o wentym states, concomitant with a deformation of the
B e e e o o hselfconsisten potental away fom circular symmefiTo
the QD shown here are those inen i Ref. 23 distinguish such electron mo_IecuIes from the WM d_lscu_ssed
T above for the closed-shell singlet stdehose formation is
without the impurities, the SA singlet is perfectly circularly driven by the dominance of the electron-electron repulsion
symmetric. we refer to them as JT electron molecul@SEM’s). Such
However, increasing the variational freedom through re-spontaneous SB via JT distortions is familiar from studies of
moval of the spatial symmetry and double-occupancy conthe rotational spectra of open-shell nuéfeand from inves-
straints via the use of the sS-UHF method results in digations of shape deformations of open-shell metal
symmetry-broken singlet ground state of lower energy, thaglusters’°
is, to the formation of a WM characterized by localized or-  Similar calculations for the & TQD, but with repulsive
bitals with the “bond length”(distance between the maxima pinning impurities(that isQ; = 9,= + 1e) yield, for the sin-
in the total electronic distributionequal to 29 nnisee Fig.  glet ground state, qualitatively similar resultsith different
1(b)]; the energy of this state is lower by 1.62 meV than thatvalues for the energigsbut with the important distinction
of the SA solutionFig. 1(a)]. This lowering of the ground- that now the pinned orientation of the WM is rotated 42
state energy reflects a gain in the correlation ené¢fglythe  compared to th@,= Q,= — 1e case(i.e., the “intramolecu-
definition of correlation energy, see Sec. IV bejowWote lar” axis of the WM is oriented normal to the interimpurity

FIG. 1. Total electron densitie$eft frame in each pangland
contours of modulus square of the individual orbitalght frameg
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axis). Consequently, through a variation of the sigolarity)

of the impurity gate voltages, one may “flip” the orientation 2

-19.7 [~ By 4 a
Wl PR @

of the WM, and with it the direction of the polarization of the %EJ y
electronic charge distribution in the QD. In this way, the =~ o 0z

formation of WM'’s in QD’s, and the ability to control their Whoate o T 20
discrete orientations via pinning voltage gates, may serve as LY L L L L

a method for the creation of on-off information storage cells
and nanoscale logic gatts.

IIl. RUTHERFORD QUANTUM DOT

Next we examine the properties of & Rutherford QD
(RQD), that is, a 2 QD with a central attractive impurity.
The sS-UHF singlet and triplet electronic orbitals corre-
sponding to a 2 RQD for B=0 with a single impurity @
= —2e) located at(0,0,10 nm are shown in Figs.(B) and
2(c) respectively. They exhibit WM symmetry breaking and
JT-distortion features similar to those found for the PQD
[compare Figs. (b) and Xc)], but with a reduced WM bond
length and a more compact triplet. The “strength” of the SB
depends, of course, on the impurity cha@end/or its dis-
tanced from the QD plane. For example, f@=—1e and
d=0 (and for an arbitary position of the impurity inside the
QD), no symmetry breaking was found by us due to the
strong trapping by the impurity of the two electrons which
occupy circularly symmetric orbitals, resembling the behav-
ior of the ground state of the natural He atdfwe also
remark that for the case described in Figd)2nd Zc) both
electrons are slightly trapped by the impurity potential for
the S state, while for the/ state thes-like electron is strongly
trapped and the-fike electron occupies a much less bound ) ) ) Energetics and individual orbitalémodulus
orbital. Note that here, as with the case of a clean QD, the .

. . . . 8quare from sS-UHF calculations for thee2(Rutherford RQD,
singlet WM and the J‘I_’-dlstorted triplet are free to rotate in .o o central impurityQ= — 2e at (0,0,10 nm. Energiegin meV)
f{he pla_ne of the QD, since there are no off-centered PINNING the S and 7 states vaB (in ), crossing aB.=2.8 T(marked by
impurities. ) . , ) . an arrow, are shown in(@). An expanded view of the energy of the

The large physical size of QD’s makes them ideally suitedrgiate for small fields, exhibiting a transition from the spontaneous
for investigations of magnetic-field effects and controlled y1 regime to a circular symmetric state Bit-B;(B;=0.2 T), is
manipulations. To illustrate such effects, in Figa)2we dis-  shown in the inset; also included is the energy of the SA solution
play the magnetic-field-induced variation of the total ener-(dashed curye At B=0, contours of the orbitals of the two elec-
gies of theS and7 states in the  RQD (qualitatively simi-  trons for the WM singlet are showgsuperimposed on each other
lar behavior is found also for thee2TQD). As seen, the in (b), with one of the orbitals depicted by a solid line and the other
energy of the singlet state increases and that of the tripldly a dashed line. The orbitals for the spontaneously JT-distorted
state decreases with increasiBgfor fields B<B; (0.2 1), triplet atB=0 are shown in the two panels ). For the singlet,
the variation of the energy of tHE(the slope of the curyds  the energy gain due to S@hat is lowering of the total energy with
smaller than that foB>B, [see the inset in Fig.(8)]. Fur-  respect to the symmetry-adapted RHF 9tae0.39 meV and the
thermore, at a critical valuB,=2.8 T [marked by a down energy %gf;n due tobthe JT disgrtiog;f the tfiF?'etziZlo-m \r/ne}/k;] the
arrow in Fig. 2a)], the energies of the two states cross, ancEnergy difference between tfieand S states is 2.01 meV. The
from then ogn tﬁe)]triplet lies gelow the singlet. For the singlet,traonzitign_ t?d)a (C)ir?Ug%r_dSmiebt_rticl tr;pleihis iIIustrattedb f(flz
the broken-symmetry WM staf&ig. 2(b)] is maintained un- ~°-° ' 1N {d). (& Individual orbitais for the Symmetry-broken
der the influgnce of)f[he appli[ed gmz(grz]etic field in the rang round-state triplet of_t_he cleaThomson 2e TQD atB=10 T.
considered in Fig. @), with the increase in the magnetic- nde_r the_ same condltlons_, the_ground state triplet m_tdaeRQD -
field strength leading to further shrinkage of the bond Ier,|gthrema|ns circularly symmetric. Distances in nm and orbital densities

. - in 1074 nm2. Note the different length scales of the ) axes in
of the WM acgompan!ed by an overall increase of the energ¥b)_(e) compared to those in Fig. 1. The parameters characterizing
of the S staté® [see Fig. 2a)].

. - . . the QD’s shown here are those given in Ref. 23.
The influence of the magnetic field on the triplet state is Q g

more subtle. As aforementioned, Bt=0 the symmetry of fields[B<B;; see the inset in Fig.(d)] the JT effect pre-

the 7 state is broken by the JT effect, involving a mixing of vails, and thus the orbitals and electron densities remain
them= =1 degenerate angular momentum orbifalse Ref.  similar to those shown in Fig.(8), and they maintain an
37). On the other hand, the magnetic field lifts the degen-orientational degeneracy in the plane. At stronger fiells (
eracy of thesep,. andp_ states(without mixing them, and  >B;), the lifting of the energetic degeneracy of the and

this effect competes with the JT distortion. For small enoughp_ states overcomes the JT effect, and the second electron
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populates the lower of these two orbitals. As a result, circulabe accountetf for via space(S)-UHF methods(that is, al-
symmetry is recovered, as illustrated in Figd)2 lowing the spatial-orbital solutions of the Hartree-Fock equa-

The overall decrease witB of the energy of thel state  tions to assume symmetries lower than those of the underly-
relative to theS state is due to enhanced stabilization by theing many-body Hamiltonian
(parallel-spin exchange energy in the former, reduced Cou- Starting with Peierls and Yocctz(see also Peierls and
lomb repulsion between the electrons occupyigand  Thoules&®), numerous theoretical investigationss addressed
p-like orbitals, and a quenching of the kinetic energy of thethe connection of the broken-symmetry HF solution to the
p-like orbital by the magnetic field This effect increases exact solution, and led to the theory oéstoration-of-
with B, and atB=B, the 7 state becomes the ground state symmetryvia projection technique¥. The central physical
[see Fig. 2a)]. Note that this transition is driven primarily by ingredient of the projection technique rests with the observa-
the interelectron repulsion, and not by the interaction of thedion that a HF solution which breaks rotational symmetry is
electrons’ moments with the magnetic figlkke Ref. 2, and not unique, but belongs to an infinitely degenerate manifold
references therejnfor our system, the Zeeman splitting en- of states with different spatial orientation. A proper linear
ergy is 0.026 meV/T. At even larger fields, the Coulombcombination of the HF determinants in such a manifold
repulsion between the electrons increagkee to the shrink- yields multideterminental states with gotmtal angular mo-
ing of the orbitalg, resulting in an ascending trend of the menta that are a better approximation to the exact solution.
energy of theT state, which remains, however, lower than For a comprehensive review on restoration of symmetry in
the singlet state. A similar scenario is found also for thethe context of nuclear many-body theory, we refer the reader
TQD (without pinning impurities to the book by Ring and Schuck mentioned in Ref.(88e

In light of previous finding&*'* pertaining to the forma- also Ref. 48, where the principles of restoration of rotational
tion of fully spin-polarized symmetry-broken states in cleansymmetry are discussed in the two-dimensional case
QD’s (TQD's) at high magnetic fields, it is pertinent to in-  The restoration of symmetry via projection techniques in
quire whether the circular symmetry found for thestate of the case of sS-UHF solutions describing 2D QD’s will be
the 2e RQD for B;<B<5 T will also be broken at higher presented in a future publication. In this section, we found it
fields. For the clean € TQD, we verified that indeed an more convenient to discuss the connection between the sS-
orientationally degenerate electron molecfugth the mo-  UHF and the exact solutions by taking advantage of the sim-
lecular orbitals of the electrons distributed about the twoplicity of solving the exact problem é&=0 for two elec-
molecular centers; see Fig(e?] formed at sufficiently high  trons interacting via the Coulomb force and confined by an
B (e.g.,.B=10 T). Such an electron molecule is afito the  external parabolic confinement without impuritiés clean
JTEM discussed above in the context of triplet stateBor QD). Indeed, it is well known that, in this case, the exact
=0. Interestingly, such a reemergence of a JTEM structur&chralinger equation for two interacting electrons is sepa-
does not occur at these conditions for the RQD studied rable in the center-of-mas&=(r,+r,)/2 (with a corre-
here, due to the enhanced gap betweerptherbital and the ~ sponding mass\{=2m*), and relativer=r;—r, (with a
strongly trapped orbital. This provides an additional venue corresponding reduced mags=m*/2), coordinates.
for impurity-assisted manipulation and design of the elec- To analyze the properties of the exact solutions, two
tronic properties of QD’s. quantitie$>?’ have customarily been extracted from the two-

body wave function? (r,r,) [where the tilde denotes both

IV. CONNECTION TO THE EXACT SOLUTION spatial and §pin variables, i.&;=(r;,s))(i=1,2) (see Ap-
pendix B]: (i) the usual pair-correlation functidh

As mentioned earlier, foRy>1, the sS-UHF approach
applied to QD’s yieldsapproximateground-state solutions G(v)=2m(P|8(r;—r,—Vv)|¥); (3)
which violate the symmetries of the original many-body
Hamiltonian, e.g., the spontaneous breaking of rotationahnd(ii) the electron density
symmetry discussed in Secs. Il and Il for a circularly sym-
metric clean QD.e., a TQD or one with a central impurity 2
(i.e., a RQD. At a first glance, this situation may appear n(v)=(¥|>, s(v—r)|¥). 4
puzzling, but it is not unique in the context of many-body =1
theory of finite fermionic systems. Indeed, a similar situation ) i
was encountered in nuclear physics in the 1950s, when it was 1OWeVer, for the exac’ in the case of a circularly sym-
discovered that open-shell nuclei carried permanent quadr metric confinement, b_oth of these quantities also turn out to
pole moments and that many of them exhibited well-2€ Circularly symmetric, and thus they do not reveal the full
developed rotational specttge., they behaved like rigid ro- physical picture, thépossible formation of an electron mol-

tors). The explanation for these experimental findings Wasecule'generateq by electron.correlatlons.'A mqre'suf[able
formulated in the framework of breaking of the rotational dU@ntity here is the conditional probability distribution
symmetry associated with nuclear deformations of the JahdCPD) P(V|r2=Vo) fo'r finding one electrorj at given that
Teller type, and it led to several celebrated models and sem{l'® S€cond electron is aj=v,. This quantity has been ex-
empirical methods, i.e., the particle-plus-rotor model of Bohrt€NSVely usedf in the analysis of electron correlations in
and Mottelsorf! the modified-anisotropic-oscillator model doubly excited heliumlike atoms, and is defined as

of Nilsson?#? and the Strutinsky shell-correction metHtidn

the language used by us here, this means that at the micro- PVIry=vo) = (W|8(v—r1)8(vo—12)| V) 5
scopic level the breaking of the rotational symmetry had to 270 (W|S8(vo—r,)| W)
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tron density shown in Fig. (8) is circularly symmetric, as
expected. Comparing Figs(l8 and 3c), the following in-
terpretation ensues naturally: the CPD in Figh)3escribes

the electron molecule in itgtrinsic (body-fixed)frame of
reference, while the electron density in Figc3describes

the electron molecule in the laboratory frame of reference
where rotational and center-of-mass displacements are super-
imposed upon the intrinsic probability density.

Figure 3d) displays the electron density for the corre-
sponding sS-UHF ground state. As discussed earlier, the sS-
UHF electron density breaks the rotational symmetry, and
clearly exhibits the morphology of an electron molecule, un-
like the exact one in Fig.(8). It is apparent that the sS-UHF
electron density corresponds to that in the intrinsic frame of
the electron molecule. Restoration of the symmetry via pro-
jection techniques will bring the sS-UHF electron density
closer to that of the exact solution. As aforementioned, this
interpretation is familiar in the context of nuclear calcula-
tions, and it is further supported by the CPD calculated with
the sS-UHF ground-stat.e., by using¥""F in Eq. (5),
instead of the exact many-bod¥y; see Appendix B and
displayed in Fig. 8). Although naturally not identical, the
two CPD’s (i.e., the exact and the UHFre of similar na-
ture, and both illustrate graphically the correlation effect as-
sociated with electron localization and formation of an elec-
tron molecule. We further illustrate this point by contrasting
the exact and sS-UHF CPD'’s with the CPD of the symmetry-
adapted RHF ground state, shown in Fi¢f)3In this latter

FIG. 3. Ground-state results for a cleae QD with the param-
eters given in Ref. 23 anB=0; in all cases the ground state is a : .
singlet. (8)—(c) correspond to the exact solutiof@ The pair cor- C%?ﬁ’ \I,,RHFZ "Z’RHF(rl,) YRT(ra)x(s1,8,:8= O,)’ . with
relation function G(v); see Eq(3)] plotted vsv exhibiting a well- ¢ (v) being the_,* Orb'tf"‘l 9f the RHF apprOXImQtlon; asa
developed depression at=0, with a mean electron-to-electron '€sult, the probability of finding one electron\ais indepen-
separation of 2,=22.92 nm.(b) The electron conditional prob- dent of the position of the second electron, and it is centered
ability distribution[CPD; see Eq(5)] with vo=(r,, 0) (denoted by ~ about the origin where it achieves its maximum value, as
a cros3, showing formation of a & electron molecule(c) The  expected from an independent-particle description, i.e.,
electron densitfED; see Eq.(4)], reflecting the conservation of
circular symmetry by the exact two-electron solution. The results PRAF(VIr,=vg) = | yRHF(v) 2. (6)
displayed in(d) and (e) correspond to calculations using the sS-

UHF method. Spontaneous symmetry breaking leading to formation Finally it is of interest to examine the energetic aspects of
of a 2e molecule(with a bond length of B;=28.16 nm) is exhib- the symmetry breaking. Indeed the energy of the ground-
ited by the sS-UHF electron density shown (d). (6) Such an  state is ESSHF: 22.77 meV for the RHF SolutionEgsHF
elecfron molecule is further reflected in the §S-UHF S:PD with =921.45 meV for the sS-UHF arﬂgéz 19.80 meV for the
=(r.,0) (denoted by a crogs(f) The CPD withvo=(ro.0) (de-  gyact one. Since the correlation energy is the difference be-

noted by a cros)sc_orresponding to the restricted Hartrt_ae_-Fock tween the RHF solution and the exact ener@?esme finds
(RHF) ground statdi.e., the symmetry-adapted solutjoexhibits, corr_

RHF_ ex_ .
as expected, no symmetry-breaking signature. Lengths are in nm,9s __EQS E_QS 2.97 meV. Thus the symmetry breaking
and density function§G(v), ED's, and CPD'% are in units of associated with the sS-UHF solution is able to capture

104 nm-2 (Eqe"—Ege")/ega"=44% of the correlation energy; the re-
maining amount can be captured through improvements via

[for details concerning the calculation of the quantities inprojection techniques:
Egs.(3)—(5), see Appendix B

In the left column of Fig. 3, we display the above three
guantities for the exact ground state in the case of a parabolic
confinement with the same parameters as used throughout The dominance of interelectron interactions and correla-
this paper(see Ref. 28andB=0. The pair-correlation func- tions in quantum dotgoften referred to as “artificial at-
tion in Fig. 3@ exhibits a well-developed depressionwat oms”) results in a spontaneous symmetry breaking of the
=0, namely, the two electrons on the average keep apaself-consistent mean field, beyond the central-field picture on
from each other at a distance 2=22.92 nm. In Fig. @),  which the modern understanding of atomic structure has
we plot the CPD withvy=(r,,0) (marked by a crogsltis  been founded. Indeed, as shown in this paper through spin-
seen that the maximum probability for finding the secondand-space unrestricted Hartree-F§ck many-body calcula-
electron occurs at the diametrically opposite point,, in  tions, for the singlet ground state of @ D, such symmetry
accordance with the picture of an electron molecule prebreaking and the resulting formation of Wigner molecules do
sented earlier within the sS-UHF approach. The exact elegccur for a wide range of system parametgvih or without

V. SUMMARY
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impurities even in the most elementary case of two-electron  (g) Q=+1e (d) Q=-1e
QD'’s. Additionally, in the case of fully polarized dots.g.,

the triplet state of a@QD), the sS-UHF calculations show 2
that similar electron molecules form due to symmetry break-
ing associated with Jahn-Teller-type distortions. 0

In spite of the simplicity of the Hamiltonian, correlations
in two-electron QD’s underlie a remarkably rich and com-
plex physical behavior. As a resulte2D’s can serve as
paradigms for a unification of concepts pertaining to sponta-
neous SB in various finite-fermion aggregates, including nu-
clei, excited atoms, and clusters.

Furthermore, impurity and/or magnetic-field effects allow
for controlled manipulation of the formation and pinning of
the discrete orientations of the electron molecules & 2
QD'’s. Such an ability may be employed in future applica-
tions of QD’s as nanoscale logic cells and information stor-
age elements. Impurity effects were also illustrated for the
case of a quantum dot with more than two electrons.

Confirmation of the formation in & QD’s of electron
molecules associated with symmetry breaking of the self- FIG. 4. Electron densities obtained via sS-UHF calculations of a
consistent fieldin the context of sS-UHF calculationsras QD containing eight electrons &=0 in the presence of a central
obtained through an analysis of the exact ground state via tHéocated at0,0,0 in (a)—(c)] and an off-centerflocated a(20,0,0

conditional-probability-distribution technique. nm in (d)] hydrogenic impurity. The parameters characterizing the
QD shown here are those given in Ref. 23 and the ch@ gé the

impurity is as marked on the figure. All the cases correspond to zero
ACKNOWLEDGMENTS total spin, i.e., 4, with spin-up and 4 with spin down. For each of
the cases, we observe formation of a Wigner molecule, with its
structure dependent on the polar{gign), magnitude, and location
of the impuriry.(a) A repulsive central impurity Q=+ 1e), result-
ing in an & WM with a ring structure and an empty-electron cen-
APPENDIX A: QD’'S WITH MORE THAN TWO tral region, denoted a®,8). (b) Slightly attractive central impurity
ELECTRONS (Q=—0.2¢) leading to formation of aril,7) two-ring WM. (c) A
stronger attractive central impurityd= —0.5¢) associated with a
In the main body of this paper we limited ourselves to the(2,6) WM. (d) An off-center attractive impurity @= — 1e), result-
case of 2 QD’s, since focusing on this elementary caseing in a distorted & WM with two electrons trapped by the impu-
allowed us to better elucidate the intricate physical principlegity. Lengths in nm and electron densities in units of 20nm™2.
involved in the formation and impurity control of electron
molecules in QD’s, from both the perspective of the sS-UHF
treatment and the exact solution. In this appendix, we willmonic confinement’ Increasing the attractive nominal
present an example of the many different structural possibilicharge toQ= —0.5e [see Fig. 4c)] results in a further struc-
ties that can arise when impurities are introduced in a QOural change: the central impurity is now able to trap two
with a larger number of electrons. In particular, we considelectrons, thus leading to(@,6) arrangement. A further in-
a QD with eight electrons in the presence of a hydrogeniclikeerease of the attractive charge of the impurity to the value
(d=0) impurity of variable nominal charg@=qge placed at Q= —1e does not produce any qualitative change in the
the centefand in one case offcentesf the QD(for the other  (2,6) arrangement, as long as the impurity remains at the
input parameters, we use same values as used throughout @enter of the dot. By moving the impurity to an off-center
text; see Ref. 28 Since this appendix does not intend to position, however, various structural morphologies can arise,
present an exhaustive study of larger dots, but simply aims @&n example of which is presented in Figdyfor a Q=
presenting an illustrative example, we will consider only one— 1e impurity located ai20,0,0 nm, forming a highly dis-
spin configuration, i.e., the sS-UHF solutions having fourtorted (2,6) WM (here the first index denotes that two elec-
spin-up and four spin-down electrons. Howeverwill be trons are trapped by the impurjtyA further increase in the
allowed to take both positivérepulsive and negative(at-  attractive chargeQ leads to sequential trapping of the re-
tractive values. maining six electrons, and to progressive elimination of sym-
Figure 4a) displays the sS-UHF electron density for a metry breaking, until all eight electrons have been captured
repulsive central impurity[located at(0,0,0] with Q= by the impurity(also see Sec. I)I
+1e. It is seen that a Wigner molecule consisting of a single
ring with eight electrongdenoted as #0,8) ring] is formed APPENDIX B: TWO-ELECTRON WAVE FUNCTIONS
in this case. For a slightly attractive central impurity with AND DEFINITIONS (3)-(5)
Q= —0.2e, however, a structural change takes place: one
electron moves to the center of the fis¢e Fig. 4b)]. Notice
that this(1,7) structure agrees with the arrangement found in  In the case of two interacting electrons confined by a
studies of classical point-charges in a pure=0) har- parabolic potentiala clean QD, one can perform a change

This research is supported by the US D.OGrant No.
FGO05-86ER-45234

1. Exact solution for two electrons
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of variables to center-of-mag€M), R=(r;+r,)/2 andP wheree(n,|m|) are the eigenvalues associated with the rela-
=p,+p,, and relative-motionrm), r=r;—r, and p=(p; tive motion[see Eq.(B5)], (n,m) being the corresponding
—p,)/2, coordinates. Then the two-electron Hamiltonianradial and azimuthal quantum numbers.

separates into CM and rm contributions:

H=Hemt Hem, (B1) 2. Pair correlation, electron density, and conditional
with probability distribution for the exact and sS-UHF two-electron
wave functions
P2

1 The bracket notation in E , (4), and(5) imply inte-
HCMZW_I_EM(”%RZ (BZ) q$3) ( ) ( ) ply

grations over both the spatial and spin variables. In the case
of the exact wave functiol given by Eq.(B6), the spin
and variables separate out, and thG¢v), n(v), and the CPD
5 can be expressed as double integrals over the positions
n } w2r2+e— (B3) (rq,rp) of the two-body spatial probability density
2 M@t T W(ry,rp)=|®(rq,r,)|? whered is the spatial part of. In
particular, one finds

p2

T 2

where M=2m* ,R=|R|,u=m*/2, andr =|r]|.

The center-of-mass motion associated with the coordinate
R obeys a Schinger equation describing the motion of a
particle of mass\=2m* in a 2D isotropic harmonic poten-
tial of frequencyw,. Herewy is the frequency of the original
parabolic confinement, i.e., the interelectron repulsion has n
bearing on the center-of-mass motion.

Using dimensionless polar coordinatds= R/(1+2) and
®, the center-of-mass wave function can be written as 2
E(U)eM® with the radial part given by n(v)=J f iZl S(V=ri)W(ry,rp)dridr, (B9

G(U):ZWJ f 5(r1—l’2—v)W(r1,r2)dl‘1dr2 (88)

for the pair-correlation function,

= _ IM|g—U22c3) [M[( ()2 2
2(U)=CuulUe L(UT L), B4 for the electron density, and
where (N,M) are the radial and azimuthatelated to the
angular momentuin quantum numbers, respectively;,
=1/2, the normalization constan€yy=[2N!4M*1/(N PV|rp=vg) = W(V,ra=Vo) (B10)
+|MN)171*2, and LL,M‘(X) are associated Laguerre polynomi- 20 _
als. Jdrlw(rlyrz_vo)
Since in the exact problem the Coulomb interaction pre-
serves the rotational symmetry, the radial part of the Wave . ihe conditional probability distribution
function Q(u)e™?/Ju associated with the relative motion In the case of the sS-UHF singlet gréund state, the two
obeys the following one-dimensional Sctlieger equation  gjacirons occupy two different spatial orbitals (r) and
[in dimensionless polar coordinates-r/(15y2) and61: ,(r). Then the corresponding two-body wave function is
the single determinant

Q| —m?+1/4 Rwv2
+ —u?— W\/—+ ° _lta=o.
(9U2 u2 u hwo/Z n
B5) PO = S (i) B2)
The 10 term results from the interelectron repulsion.
Definingu,=(u;,s;) (wheres; is the spin of théth elec- —(ra)a(2)g(r1)B(1)],  (B11)

tron andi=1 and 3, the exact many-bodghere two-body

wave function is given by wherea and 3 denote the spin-up and down spinors, respec-

tively. Integration of| WUHF|2 over the spin variables yields

W (Uy,Up) =D (Ug,Up) x(S1,Sp) the following two-body spatial probability density:
1 Q(u) . )
=——eME(U)eM%(s,,s,), 1
Z NI WM (r 1) =51 Pl alr D2+ () Pl ) ).
(B6) (B12)
whereu;=r;/(lo\2), andy(s;,s,) is the spin part. The ex-
act eigenvalues are given by To calculate the conditional probability distribution in the

case of the sS-UHF ground state, one repladsy WU in
ENM’anﬁwo(ZN-I—|M|+l)+s(n,|m|), (B7) Eq. (B10).
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